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A persistent challenge in the design of composite materials is the ability to
fabricate materials that simultaneously display high stiffness and high loss factors
for the creation of structural elements capable of passively suppressing vibro-acoustic
energy. Relevant recent research has shown that it is possible to produce composite
materials whose macroscopic mechanical stiffness and loss properties surpass those of
conventional composites through the addition of trace amounts of materials displaying
negative stiffness (NS) induced by phase transformation [R. S. Lakes, et al., Nature,
410, pp. 565-567, (2001)]. The present work investigates the ability to elicit NS
behavior without employing physical phenomena such as inherent nonlinear material
behavior (e.g., phase change or plastic deformation) or dynamic effects, but rather the
controlled buckling of small-scale structural elements, metamaterials, embedded in a
continuous viscoelastic matrix. To illustrate the effect of these buckled elements, a
nonlinear hierarchical multiscale material model is derived which estimates the macro-
scopic stiffness and loss of a composite material containing pre-strained microscale
structured inclusions. The nonlinear multiscale model is then utilized in a set-based
hierarchical design approach to explore the design space over a wide range of inclusion
v
geometries. Finally, prototype NS inclusions are fabricated using an additive manu-
facturing technique and tested to determine quasi-static inclusion stiffness which is
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1.1 Motivation for High Stiffness, High Loss Materials
Unwanted mechanical energy is pervasive. Components of mechanical systems
vibrate, oscillate, and shake, generating energy that the system must accommodate.
These loads tend to lead to either over-engineering or decreased lifespan of the sys-
tem. Conventional methods of dealing with mechanical energy include “brute force”
methods like increasing the stiffness or mass of the structure, coupling the load to
less vibration-susceptible components, or more sophisticated methods like creating
structural elements from engineering composites that possess increased damping.
Consider the stiffness-loss map in Fig. 1.1 from Brodt and Lakes [1], which
depicts the stiffness (Young’s modulus, represented in the plot as E, but as Y else-
where in this thesis) and loss (represented by tan δ) of common materials. Generally
speaking, stiff materials are not very absorptive, and vice versa. Furthermore, com-
posites and some polymers can exhibit both moderate stiffness and loss, but there
appears to be a limit to these characteristics, as depicted by the dashed line in the
upper-right quadrant of the Fig. 1.1. The goal of recent research has been to popu-
late the so-called “white space” of the upper-right quadrant of the plot with materials
possessing both high stiffness and high loss.
Recent developments in the field of traditional composites has shown that
composites containing a small volume fraction of negative stiffness (NS) inclusions
can theoretically lead to overall extreme stiffness and damping [2]. The basis for NS
1
Figure 1.1: Stiffness-loss map for some common materials, reprinted from Brodt and
Lakes [1].
inclusions leading to increased damping lies in the unique stress-strain relationship of
NS systems which yields dramatically greater strain localized about the NS domain
within the composite material [2]. This theory has been validated by recent ex-
perimentation of materials with microscale inclusions possessing thermally-activated
energy wells resulting from phase transformations [2]. Work by Kashdan [3, 4] and
Fulcher [5] have experimentally demonstrated the increased vibration and shock isola-
tion and absorption capabilities of systems containing macroscale NS elements, further
motivating the study of NS components. Taking inspiration from these macroscale
elements, acoustic metamaterials, defined as materials whose properties are derived
from sub-wavelength structure and not necessarily constituent materials properties,
represent one path to attain NS with sub-wavelength structures. While some recent
work has demonstrated notional topology optimization schemes for negative com-
pressibility [6, 7], no manufacturable designs of small-scale inclusions demonstrating
NS exist in the literature. Thus, the focus of this thesis is to explore and create paths
2
for producing these small-scale energy absorbing inclusions.
1.2 Objectives
The objectives of this research are to model, design, build and test NS metama-
terial inclusions that can be employed to create composite materials demonstrating
increased vibro-acoustic energy absorbing capacity on the macroscale. To achieve
these objectives, this thesis has followed the approach outlined here:
• Multiscale Material Model Development. The design problem investi-
gated in this work is inherently multiscale and requires models to be developed
and benchmarked at each length scale in order to accurately model the effects
of small-scale NS metamaterial inclusions on macroscale composite material
properties. Nonlinear finite element strain energy methods are employed to ob-
tain nonlinear stiffness properties of small-scale embeddable structures based
on structural buckling phenomena. Classical effective medium theory models
are employed in determining the macroscale response of a composite material
with NS inclusions.
• Set-Based Hierarchical Design Space Exploration. In order to explore
the design space of this new approach of engineering energy absorbing materials,
a multiscale material model is developed and implemented into an iterative
design loop to map the design and performance space of a composite material
containing NS inclusions.
• Prototype Inclusion Design, Fabrication, and Test. An alternative ap-
proach to producing NS elements is investigated and proof of concept NS ele-
ments are built using selective laser sintering. These prototype NS inclusions
3
are tested to determine the quasi-static inclusion stiffness and compare their
performance with analytical predictions.
1.3 Overview of Research and Thesis
This thesis is organized in three main sections: (1) modeling the elastic re-
sponse of NS inclusions and multiscale composite materials containing such inclusions,
(2) utilizing an iterative design loop to map the performance and design spaces at
each particular scale, and (3) designing and testing prototype NS inclusions. The
following paragraphs describe the work presented in this thesis.
The first step in the multiscale modeling of an energy absorbing composite
material containing NS inclusions is to create models that provide accurate estimates
of the elastic response of the system. The modeling approach presented in this work is
inherently multiscale. That is, the microscale features of the inclusion lead to a meso-
cale stiffness of a representative volume element, which in turn leads to a macroscale
stiffness and loss for vibro-acoustic loading of a composite material consisting of a
matrix and inclusions of certain volume and orientation. Thus, models are created
to study the characteristics at each of the scales and to link material behavior and
composition at one scale to the properties observed at the next.
This multiscale material model is the subject of Chapter 3. A candidate
NS metamaterial inclusion is presented in Sec. 3.2 along with a description of the
multiscale modeling approach in Sec. 3.3. Section 3.4 presents the micro→meso scale
transition model development and results of an energy-based approach to determining
the nonlinear mesoscale inclusion stiffness. The meso→ macro scale transition model
used in this work employs effective medum theory models to demonstrate the effect of
microscale NS inclusions on the energy absorption of a macroscale composite material,
4
and is presented in Sec. 3.5.
Chapter 4 presents the hierarchical design of composite materials with NS
inclusions. The micro → meso scale transition model presented in Sec. 3.4 is em-
ployed to obtain the nonlinear mesoscale stiffness of a parameterized geometry over
a wide range of parameter values. Section 4.3 demonstrates how metamodeling tech-
niques, which are essentially arbitrary functions that are fitted to data points in order
to provide estimates of system response, can be applied to the design problem. A
metamodel is used to produce maps of the design and performance space of the pa-
rameterized inclusion geometry at the mesoscale. These results are then propagated
forward to the next scale, and design and performance maps of the meso → macro
scale transition model are presented in Sec. 4.4. A multilayer beam system is pre-
sented in Sec. 4.5 and used to demonstrate the effect of an optimized beam coating
consisting of NS inclusions on the beam ringdown and shock response.
Finally, Chapter 5 documents the design, build, and test of prototype
NS inclusions. Section 5.1 introduces the idea of obtaining NS via a curved beam
geometry, as well as the design and fabrication of such an element. Here, an additive
manufacturing technique is used to produce prototype NS inclusions. These elements
are tested to obtain the quasi-static force-displacement relationships, and test results
are compared with the analytical predictions in Sec. 5.2. These results validate the
approach of obtaining NS via a curved beam geometry.
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Chapter 2
Review of Literature and Principles
2.1 Introduction
There are numerous applications requiring structural or coating materials with
an elevated capacity to absorb mechanical energy. Specific examples include sonar
transducer backing and baffle materials, rotor blades, automobile chassis, motor
mounts, and aircraft fuselages. In many cases, an ideal absorbing material would be
characterized by a simultaneously large loss factor, η, (often found in soft polymers)
and high stiffness, C, (typical of metals and ceramics). Indeed, some existing absorp-
tive materials are created by embedding stiff inclusions in a soft viscoelastic matrix in
an effort to achieve this ideal combination of material properties [8]. Unfortunately,
physical bounds limit the achievable effective material properties of the composite to
fall somewhere in between the material properties of each constituent [9–11]. As such,
traditional design of absorptive composite materials possesses an inherent trade-off
between achieving materials displaying high loss with low stiffness or high stiffness
with low loss.
Another common difficulty in the design of absorptive materials and structures
is the desire to provide effective energy absorption across a broad range of frequen-
cies. Thus, a key technical challenge is to develop stiff, absorptive materials that
exhibit high mechanical loss over a broad band of frequencies. Recent research in
the field of composite materials has shown that it is theoretically possible to produce
materials whose macroscopic mechanical stiffness and loss properties surpass those
6
of conventional composites when small portions (1–2% by volume) of NS domains
are embedded into a continuous host material [2, 12, 13]. It is therefore of interest to
investigate means to produce negative stiffness (NS) inclusions that are designed for
specific applications of scientific interest. Achieving NS behavior by design, however,
is a nontrivial task.
The concept of NS is currently of high interest primarily due to the works of
Lakes and co-workers [2,12,13] and the field of acoustic metamaterials [14–16] where
the dynamic behavior of ‘materials’ with hidden degrees of freedom display negative
effective density and stiffness. However, it is worth noting that the concept of NS has
been of interest for nearly two centuries. Notably, the contractile aether introduced by
Cauchy’s third theory on the reflection of light [17] and described in detail by William
Thomson (Lord Kelvin) [18] required an elastic medium with negative compressibility
to eliminate the existence of longitudinal light waves [19].
Examples of NS mechanisms include mechanical systems with bistable con-
figurations [6] and materials with negative moduli [2, 12]. NS elements contribute
to damping behavior because they tend to assist rather than resist deformation as a
result of internally stored energy [2, 12]. Experiments have shown cells containing a
buckled silicone rubber tube achieved damping that was significantly larger than the
unbuckled system under sinusoidal forcing. Furthermore, studies of multiwalled car-
bon nano-tubes have shown that buckled tube components achieve higher damping
than unbuckled tubes in the nano-scale [20]. Wang and Lakes [21] also showed that
higher damping can be achieved through the use of inclusions possessing negative
bulk modulus. Though the concept of using embedded NS domains in a material
system was indeed an excellent and non-intuitive observation, NS mechanisms had
been previously explored for vibration reduction systems. For example, Minus K
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technologies has implemented these elements into isolation tables to reduce environ-
mental sub-Hertz vibrations [22]. These systems require the use of electromechanical
adjustment systems to ensure that the isolation will be sufficient for any weighted
system. A second method for creating vibration isolation systems using NS systems
employs the principle that two springs in parallel with the same stiffness magnitude,
but opposite signs will approach infinite stiffness [23]. This application, like many,
orients the NS systems in the axial direction for vibration reduction. The present
work focuses on the analysis of small-scale structures that employ concepts similar
to those introduced in the field of vibration isolation which can be scaled down to be
embedded in a lossy matrix to produce a heterogeneous composite material with NS
metamaterial inclusions.
Additionally, it is interesting to note that NS structures have been evaluated
for other applications, including the ability to increase both the stiffness and overall
damping capacity of a material. For example, Prasad and Diaz [6] used topology op-
timization to create microscale NS arrays with the possibility that they could become
NS cellular materials. Buckled beam elements have also been used in microelec-
tromechanical systems (MEMS) devices as switches for micromachined mirror logic
systems [24,25].
2.2 Negative Stiffness
A general definition of stiffness is the ability of a system (e.g., a structure or
continuous material) to offer resistance to deformation when subjected to externally
applied forces. Whereas positive stiffness systems offer increasing resistance to de-
formation, an NS system offers decreasing resistance and can even assist the applied
force in deforming the system [26, 27]. NS systems will undergo significantly larger
8
Figure 2.1: Schematic of the behavior of a beam of original length L0 and buckled
length L0 − δL.
deformation than would a positive, or even a zero, stiffness system under the same
loading conditions.
2.2.1 A Buckled Beam
As an illustrative example, consider the case of a simple system known to
exhibit NS: a buckled beam. Figure 2.1 shows the scenario where a compressive axial
displacement of sufficient magnitude to buckle the beam is imposed at its ends while
no other constraints are applied. Under these conditions, the beam bows into one of
two stable positions, configurations (1) or (3).
Figure 2.2a shows the normalized force versus displacement of the beam center
point when transversely loaded in both displacement and force control. The normal-
ized force is given as 2F/Pcr, where F is the transversely applied load and Pcr is the
axial load that induces buckling as predicted by Euler-Bernoulli beam theory. The
normalized displacement is ∆x/2L0, where ∆x is the displacement from the x = 0
position and L0 is the free beam length. There are several points illustrated in these
curves that are worth highlighting. First of all, note that positions (1), (2), and (3) all
represent configurations where zero force is required to maintain that particular con-
figuration. These are equilibrium positions that can be qualified through inspection
9


































Figure 2.2: Normalized (a) force and (b) internal (strain) energy versus normalized
displacement for a buckled (solid lines) and unbuckled (dashed lines), adapted from
Saif [25]. Results indicate response for both displacement- (black line) and force-
controlled loading (blue line), with arrows indicating direction of force-controlled
loading.
of the internal energy, U (x), versus displacement curve shown in Fig. 2.2b. Namely,
these positions correspond to points of zero slope on the strain energy curve, i.e.,
∂U (x)/∂x = 0. This is not surprising since mechanics relates internal energy U (x),











Since configurations (1) and (3) are equivalent from an energy standpoint, a
beam in this loading scenario is in a bistable state. Assuming the beam starts from
configuration (1), if one were then to subsequently impose a rightward transverse
displacement at the midpoint of the beam from point (1) shown in Fig. 2.2a, it will
initially resist deformation by requiring increasing force for increasing displacement in-
crements until some critical displacement is reached, approximately half-way between
points (1) and (2). Beyond this point, the beam will require decreasing force levels
for increasing imposed lateral displacement. A decrease in force level requirement to
impose an increase in displacement is a direct manifestation of NS behavior. This
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trend continues until the beam is displaced to approximately half-way between points
(2) and (3) in Fig. 2.2a, at which point it again displays positive stiffness and the
second stable position is reached at position (3) which is a mirror displacement from
the unbuckled beam axis at the starting point, position (1). Note that the behavior
described above represents the case of displacement control loading. Displacement
control is an ideal scenario where the external loading is assumed to provide any force
level necessary to produce an increased displacement increment.
The converse idealized loading condition is known as force control. In force
control, the external system is assumed to be capable of generating arbitrary displace-
ments in order to permit increasing force increments. Under transversely imposed
force control, one observes different behavior than just described under the displace-
ment control scenario which directly displayed NS. Specifically, again starting from
position (1), the increasing applied transverse force leads to incrementally increasing
displacements towards the right. However, once a critical force level is achieved (cor-
responding to the point of zero stiffness in displacement control loading), the beam
will then snap from a position to the left of the axis of the undeformed beam to the
right where the beam once again requires a positive force increment for increased
displacement. This behavior, often called snap-through, is indicative of bistable sys-
tems subjected to force controlled loading and is an indication that the system can
be used to produce NS. Under unconstrained force controlled loading, snap-through
is a transient event that leads to large and unrecoverable system deformations ab-
sent further loading in the opposite direction. Thus, the previous discussion indicates
that axial loading of a beam can lead to buckling and bistability, and that subsequent
transverse loading at the beam center-point can be employed for switching between
the two stable configurations under force control or NS under displacement control.
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Although positions (1), (2), and (3) are considered equilibria, physical intuition
suggests that if one were to place the beam in position (2), it would not remain there
when constraining forces are removed. This is because that the position is not uncon-
ditionally stable; rather, it is an unstable equilibrium condition. For unconditional
stability, the change in the internal energy resulting from perturbations about the
stable configuration must be positive. Mathematically this means that the curvature
of the internal energy curve (i.e., the stiffness) must be positive, ∂2U (x)/∂x2 > 0.
This requirement implies that any stable position is one where the strain energy is
at a local minimum, also known as an energy well. Using these criteria, stability
occurs at positions (1) and (3) where the slope of the internal energy curve is zero,
F (x) = ∂U (x)/∂x = 0, and where its curvature is positive: ∂2U (x)/∂x2 = k (x) > 0.
The other position of interest, configuration (2), is an unstable equilibrium state, char-
acterized as a point of zero force where the curvature of the internal energy curve is
negative, i.e., a local maximum in the strain energy of the beam. Any unconstrained
beam in this configuration will immediately be driven to one of the two uncondition-
ally stable positions by any minor perturbation.
2.2.2 Constrained Negative Stiffness
Though a buckled beam in configuration (2) is unstable, there is a scenario
whereby a buckled element can be exploited to produce NS in a useful manner. Con-
sider a modification to the system where the beam is now constrained at its center
point by a spring. In this case, as the axial deformation is imposed to induce buckling,
the beam can remain in position (2) of Fig. 2.1 but is able to move when perturbed
by an outside force. When an external force is applied, the constraining element will
return the beam to position (2) when the outside force is removed, provided stability
conditions are met [21]. This scenario represents the case of constrained negative
12
stiffness (CNS), which is very useful for vibro-acoustic damping [29, 30]. CNS is a
simplified representation of an inclusion with NS embedded in a positive stiffness
matrix material.
2.3 Effective Medium Theory
Micromechanical effective medium theory (EMT) is a very general modeling
approach for estimating quasi-static macroscale stiffness and loss behavior of vis-
coelastic composite materials when the mesoscale parameters are known [30]. Stiff-
ness and loss behavior can be modeled using these traditionally static models under
quasi-static loading conditions using standard techniques by employing the elastic-
viscoelastic correspondence principal [31]. The principal states that the stiffness







(I + jη). Here, C is the fourth order complex stiffness ten-
sor consisting of storage, C
′
, and loss, C
′′
, components, I is the identity tensor,
and η is the loss factor tensor. Under this principal, the usual operations applica-
ble to EMT hold as long as all constituents display linear behavior for the applied
loads and all spatial fluctuation in the stress and strain fields are much larger than
the smallest scale of interest. The meso → macro scale transition presented in this
work employs classical EMT to approximate the macroscale stiffness and loss for a
known mesoscopic parameter set. The parameters of interest are the linearized stiff-
ness and loss of each constituent as well as the volume fraction, morphology, and
orientation distribution of the NS inclusions. Developed in previous work, models
for isotropic constituents with spherical inclusions have implemented Self-Consistent
(SC), Generalized Self-Consistent (GSC), Differential Effective Medium (DEM), and
Mori-Tanaka (MT) effective medium schemes for this purpose [27,29,30,32]. Some of
these approaches require implicit numerical schemes, but have been shown to provide
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good estimates of the effective properties of composite materials at both low and high
volume fraction of heterogeneities [30,33].
2.4 Small-Scale Structures and Acoustic Metamaterials
One emerging area of study in the fields of electromagnetics and acoustics,
known as metamaterials, provides a possible route to the production of NS inclusions
with broadband performance. Acoustical metamaterials are defined as subwavelength
structures that lead to notable changes in the macroscopic properties of the material
in ways that are not achievable with natural materials [16]. The vast majority of
acoustical metamaterials in the literature rely on subwavelength resonant behavior
to achieve the desired macroscopic response. For example, Yang et al. [34] created
acoustic metamaterials with a negative dynamic mass to reflect low frequency sound
waves. By altering the inclusions, the metamaterial can be tuned for specific applica-
tions such as sound focusing [35] and cloaking [36]. The reliance on resonance to elicit
a desired response, which is prevalent in metamaterial research, has two significant
drawbacks. First, it restricts the utility of the material element to a narrow band
of frequencies around that resonance. Second, resonant behavior can be significantly
altered by the presence of internal losses thereby reducing or even eliminating the
ability of the metamaterial to provide the desired performance. The metamaterial
elements discussed in this work do not rely on resonant behavior and are therefore
useful over a very broad range of frequencies. For this reason, constrained negative
stiffness metamaterials could be potentially useful for transducer backings, anechoic
coatings, vibration isolation treatments, and shock absorbing materials or structures.
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2.5 Metamodeling
The multiscale design and simulation of an energy absorbing composite ma-
terial with small-scale buckled elements presents a difficult design problem. Com-
plicated finite element and analytical models at each scale require considerable com-
putational resources. In design problems such as this, metamodels, also known as
surrogate models, can be developed and employed to engineer optimized materials in
a computationally-efficient manner (for example, see Box and Wilson [37] and Sachs
et al. [38]). Metamodels are arbitrary functions fitted to training data points, and
then evaluated over a range of input in order to generate predictions of the base
model.
In general, metamodels have been shown to produce fast and accurate esti-
mations when compared with computationally-expensive computer models [39]. Fur-
thermore, metamodels allow for the material design modeling to be conducted in a
single design software platform, such as MATLAB® [40, 41]. For example, training
data can be generated by a limited number of computationally-intensive FEA simu-
lations within a given range of system parameter values. Then, a metamodel can be
trained and implemented in MATLAB®, which could readily link the other models
and optimization routines in the design problem.
Backlund [42] examines an array of metamodeling techniques, such as: poly-
nomial regression, multivariate adaptive splines, support vector regression, kriging,
radial basis functions, and neural networks. Each of these methods have been studied
and implemented extensively for a wide range of design problems. Design problems
exhibit a range of characteristics such as modality, linearity, dimensionality and conti-
nuity, and different metamodeling approaches handle these design problem attributes
differently (and with differing success). Kriging has been shown to have good per-
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formance in moderate dimensional test problems [43], and has been selected as the
metamodeling approach for this work.
2.6 Set-Based Design Strategy
Finally, the design of a composite material with extreme damping at the
macroscale due to structural phenomena present at the microscale can be thought
of as two completely distinct design efforts, corresponding with the two scale transi-
tion models. While there is a wide array of design approaches that could be considered
for this problem, a set-based collaborative design effort could yield efficiencies in the
overall design process. Set-based design was studied extensively due to Toyota car
manufacturing adopting the process in the 1990s and realizing significant gains in
virtually all metrics analyzed [44–46]. Three key components of the successful im-
plementation of concurrent set-based design is highlighted by Sobek et al. [45]: (1)
map the design space, (2) integrate by intersection, and (3) establish feasibility before
commitment.
For the design problem at hand, establishing the design and performance
spaces at the micro → meso scale transition model would reveal the attainable ge-
ometric configurations of the NS inclusion and their associated performance. The
performance space from this level can be propagated forward as the design space
input to the second distinct design level, the meso → macro scale transition model.
The performance map can be established at this level, and would reflect not only the
attainable and feasible designs, but the high performance designs as well. At this
point, the design space is fully explored, leading to gains in efficiency in generating
designs of energy absorbing systems. The work of Shahan and Seepersad [47] applies





This chapter documents the development and results of a multiscale material
model (MMM), which was created to estimate the elastic response of a continuous
matrix material containing structured inclusions that demonstrate negative stiffness
(NS) behavior. The model can be used for analysis and, by maintaining generality
throughout each scale, it can also serve as a design tool enabling the generation of
optimized microstructures and constituent materials based on the material properties
desired at the macroscale. The latter case is the subject of Chapter 4.
The model development discussed in this chapter begins at the smallest length
scale of interest to capture physical phenomena that can be used to amplify material
losses and continues to the application scale. This begins in Sec. 3.2 which introduces
a candidate NS inclusion. Then, the multiscale modeling approach is laid out in
Sec. 3.3, including descriptions of key scales, scale transitions, and assumptions in the
MMM. The micro → meso and meso → macro scale transition models are presented
in Secs. 3.4 and 3.5, respectively.
3.2 Candidate Negative Stiffness Metamaterial Inclusion
The work presented here exploits the unique non-monotonic force-displacement
nature of buckled systems to produce highly absorptive composite materials. Taking
inspiration from a buckled beam system described in Chapter 2, Fig. 3.1 shows a
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Figure 3.1: Mesoscale inclusion design for inducing NS in two orthogonal directions.
The inclusion is assumed to be fabricated from YTZP and alumina materials. Ther-
mal expansion mismatch and geometric symmetry can potentially induce buckling of
the alumina elements.
metamaterial unit cell design, which consists of two constituent materials with dif-
ferent coefficients of thermal expansion, α, and the following elements: a supporting
frame (high α), beams (low α), and “T”-shaped force concentrators (high α). Al-
though the structure is composed of strictly linear elastic phases, nonlinear geometric
loading produces structural bistability under specific thermo-mechanical fabrication
conditions on four of the six faces. The structure therefore displays NS in two orthog-
onal directions. The force concentrators ensure that, once embedded, any force from
the constraining matrix will be directed to the midpoint of the buckled beam element.
Analysis has shown that without this element, the NS behavior of the inclusion can
be reduced or eliminated.
A manufacturing technique known as micro co-extrusion is one potential fab-
rication process to create such elements because it has been proven capable of re-
liably producing complex small-scale structures with feature sizes as small as 5 µm
and consisting of multiple materials [48–52]. Micro co-extrusion also incorporates a
high temperature sintering step, which could potentially offer the thermal loading
required to buckle components of the beam structure. To investigate the feasibility
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of this approach for producing bistable inclusions, alumina (Al2O3, Young’s modulus,
Y=386 GPa, Poisson’s ratio, ν=0.22, shear modulus, µ=158.2 GPa, α=8.1x10−6 K−1)
and yttria-stabilized tetragonal zirconia polycrystals (YTZP) (Y2O3, Y=210 GPa,
ν=0.23, µ=85.4 GPa, α=10.3x10−6 K−1) are the two ceramics that are considered
due to availability for experimental evaluation. Future work could consider different
materials that perhaps have a greater contrast in coefficients of thermal expansion.
3.3 Multiscale Modeling Approach
Figure 3.2 depicts a schematic of the multiscale modeling approach developed
in this work. Models are developed that ultimately provide an estimation of the
macroscopic stiffness and loss tensor of a composite material containing a small vol-
ume fraction of buckled metamaterial unit cells embedded in a linear viscoelastic
matrix material. This is achieved using two separate scale transition models and con-
siders constituent material properties at all scales, microscale geometry, metamaterial
unit cell orientations, and the thermal load imposed to generate microscale buckling.
The micro → meso scale transition model is represented in Fig. 3.2 (a)–(b).
It is an energy-based nonlinear homogenization model that employs finite element
(FE) methods to calculate the strain energy of the metamaterial unit cell at constant
temperature for a range of displacements imposed at the boundary of the cell and
is unique to this work. This model captures the evolution of the strain energy as a
function of imposed strain, and therefore provides estimates of the apparent nonlin-
early evolving stiffness of the metamaterial units. The meso→ macro scale transition
model schematized in Fig. 3.2 (c)–(e), on the other hand, is a classical linear microme-
chanical homogenization model that employs the elastic-viscoelastic correspondence
principal [53]. This model uses the leading order (linearized) mesoscale stiffness of the
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Figure 3.2: Schematic of the MMM developed in this work.
metamaterial cells at a strain state of interest and the linear stiffness and loss factor
of the matrix material to provide an estimate of the local (i.e., tangent) stiffness and
loss of the composite at the macroscale. A more detailed description of each of the
models are presented in the following sections, but first, it is informative to describe
the scales of interest in the MMM, and the approximations of the modeling approach
that has been implemented.
3.3.1 Description of Scales, Scale Transitions, and the Small-on-Large
Approximation
Figure 3.3 illustrates the various scales of interest in this work. The candidate
inclusion design is shown in panel (a). The microscale, Lµ, is denoted by the length
scale of the smallest design dimensions of the inclusion. Next, the mesoscale, Lm, is
denoted by the length scale of the inclusion embedded in the matrix material, and
shown in panel (b). Finally, the macroscale, LM, is shown in panel (c) and denoted
by the length scale of a volume of matrix material containing the inclusions that is
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Figure 3.3: Depiction of scales and scale transitions in the MMM: (a) microscale, Lµ
(thermally-induced buckling of top beam element depicted in inset); (b) mesoscale,
Lm; and (c) macroscale, LM.
assumed to represent the behavior of the homogenized composite.
As discussed above, The MMM consists of two scale transitions, schematized
in Fig. 3.2: (i) the micro→ meso and (ii) meso→ macro. While the latter is derived
from classical micromechanical effective medium theory (EMT), the former represents
a unique scale transition model which considers large deformations of structured inclu-
sions. These models are coupled together in a specific manner in order to capture the
physical behavior that motivates this study: a composite material containing small
scale NS elements to enhance vibro-acoustic damping capacity. While vibro-acoustic
energy is associated with small oscillations about some equilibrium position, the mech-
anism used to generate NS (buckling of small scale elements) is associated with large
microscopic deformations. The scale transition models have been implemented in a
manner that captures this dichotomy. Specifically, the micro → meso scale transi-
tion captures the evolution of microscopic stiffness due to large strains imposed at
the boundary of the metamaterial unit cells and the subsequent meso → macro scale
transition captures the effects of small perturbations about an equilibrium position
of interest.
This approach is highly analogous to the work of Cherkaoui et al. [54] In that
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work, a nonlinear macroscopic stress-strain response of a metal-matrix composite con-
taining phase-transforming shape memory alloy (SMA) inclusions was approximated
using microscale evolution equations for the SMA response and a linear EMT to
approximate the tangent modulus for small perturbations about an equilibrium po-
sition. More relevant to this study is the work of Parnell and co-workers [55,56] who
investigate the influence of a large pre-existing strain in the neighborhood of coated
inclusions on elastic wave scattering. Both the present work and that of Parnell et al.
attempt to model elastic wave phenomena known as ‘small-on-large’ behavior or the
acoustoelastic effect. Most research on acoustoelasticity focuses on harmonic genera-
tion due to enhancement of higher order elastic constants due to elastic nonlinearity
when a material is subjected to high stress levels [57]. The interest of this study,
however, is the evolution of the leading order elastic constants of small-scale meta-
material heterogeneities and how they lead to drastic enhancement of the macroscopic
loss factor of a composite containing nonlinear metamaterial unit cells. The details
of these scale transition models are presented in Secs. 3.4 and 3.5.
3.4 Micro → Meso Scale Transition Model
The multiscale modeling approach starts at the microscale (i.e., the scale of
important geometric features of the metamaterial inclusion) and effective nonlinear
mesoscale stiffness of the NS inclusion. Consider the candidate inclusion design as
depicted in Fig. 3.1, which is envisioned as being manufactured by micro co-extrusion.
Inclusions manufactured using this process would undergo successive extrusions and a
high-temperature sintering process to produce the desired microscale geometry. The
sintering process provides the thermal loading required to induce NS behavior. In
order to accurately estimate the inclusion stiffness, the method presented here allows
for nonlinear mechanical behavior and considers the effects of thermal loading.
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3.4.1 Hooke’s Law and Anisotropic Elastic Constants
Hooke’s Law relates the (Cauchy) stress, σij, and strain, Ekl, of an elastic solid
through a stiffness tensor (tacitly assumed to be linear in the following formulation),
Cijkl, and is defined by Eq. (3.1):
σij = CijklEkl. (3.1)
The term Cijkl is a fourth-order tensor with a maximum of 21 independent constants
needed to describe a fully anisotropic material due to symmetry conditions. The four
subscripts of Cijkl can therefore be reduced to two (CIJ) using a contracted (also
known as “Voigt”) notation, where subscripts 1, 2, 3, 4, 5, and 6 denote 11, 22, 33,
23/32, 13/31, and 12/21, respectively. Thus, the general constitutive equation for a

























The candidate inclusion design possesses geometric symmetry such that the
elastic response is identical in the x - and y-direction. This behavior is similar to
materials with tetragonal symmetry, which are fully described by six independent
constants [58]. The linearized elastic response of the candidate inclusion can therefore
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The following sections present a method for estimating these elastic constants
for a structured inclusion such as the one shown in Fig. 3.1 using FE methods.
3.4.2 Internal Energy and Stiffness
A critical step in the multiscale modeling process is to find a physically mean-
ingful and accurate estimate of the effective stiffness of the metamaterial structures
that display nonlinear behavior and NS. Recall that the features of these metamaterial
elements are considered to be on the microscale while their overall dimensions define
the mesoscale. Further, without approximating the structured inclusion as a contin-
uous material with effective elastic properties, it is impossible to employ traditional
EMT to perform the meso → macro scale transition step and estimate the macro-
scopic performance of a composite material containing these metamaterial elements.
The structure depicted in Fig. 3.1 presents significant difficulties in this regard since
its elastic response is anticipated to be anisotropic and nonlinear. Accordingly, the
primary challenge addressed by this work is the development of a methodology for
extracting the effective anisotropic stiffness of a structured inclusion that is robust
to the effects of nonlinearities brought about by bistability induced by microscale
geometry and element fabrication.
The method forwarded by this work is based on a power law approximation
of the strain energy of a material system in terms of the applied strain field. The
Cauchy stress, σij, is defined as the change in specific internal energy, U , with respect








(ui,j + uj,i + uk,iuk,j) , (3.5)
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where a comma denotes a partial derivative with respect to a corresponding coordi-
nate.
A general form of the internal energy (Helmholtz free energy) within a contin-




E˜) = U0 + U coupled (E˜)+ U elastic (E˜)+ · · · , (3.6)
where E˜ denotes Eij, U0 is the undeformed internal energy, U coupled (E˜) is due to
coupling from other domains (e.g., piezoelectricity), and U elastic
(
E˜) is due to elas-
tic deformation. Equation (3.6) can therefore be approximated with a power law
expansion on strain, as given by the expression:
U
(
E˜) = U0 +BijEij + 12CijklEijEkl + 16DijklmnEijEklEmn + · · · , (3.7)
where Bij, Cijkl, and Dijklmn are tensors of increasing order relating a particular
component strain energy to an imposed strain. Here Bij is identified as a stress
generated by coupled fields, σcoupledij , and Cijkl, Dijklmn, · · · , are elastic stiffness tensors
of fourth and higher orders.
Thus, a general form of nonlinear stiffness, CNLijkl
(
E˜), that lumps all the higher








= Cijkl + DijklmnEmn + · · · . (3.8)
Given this general relationship between stiffness and elastic strain energy, the fol-
lowing sections present a method for estimating strain energy in a material given an
applied strain and extracting the components of CNLijkl
(
E˜) that are related to pure
modes of deformation.
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Figure 3.4: Example resulting deformations indicative of the direct energy method for
determining (a) axial, (b) shear, and (c) off-diagonal elastic constants. Black arrows
indicate direction of applied displacements.
3.4.3 Direct Energy Method
Odegard [60] employed what will be called a direct energy method to calculate
the effective behavior of a representative volume element (RVE) of multiphase con-
tinuous piezoelectric materials using Finite Element Analysis (FEA). That method,
which is generalized in 3.4.5, involves computing the change in internal energy within
an RVE resulting from a single small displacement imposed on the boundary. Fig-
ure 3.4a–c shows example loading conditions for the determination of axial, shear,
and off-diagonal stiffnesses, respectively, along with the resulting deformations when
using the direct energy method.
For small deformations at the boundary of the RVE, B, the displacements,
ui (B), can be related to the imposed strain, Eij, and the dimension of an RVE cube,
Lm, by ui (B) = EijL
mnj, where n is the unit normal vector of the RVE face where
the displacement is imposed. Note that this formulation has made the assumption
that the strain in the RVE is small. The resulting total elastic strain energy is then








where UmE is the elastic strain energy of element m, n is the total number of finite
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elements constituting the RVE, and Vo is the initial volume of the RVE. Equation (3.9)
can then be used to derive the stiffness values, Cijkl, based on the applied strain, Eij,
as detailed in the Secs. 3.4.3.2–3.4.3.4.
3.4.3.1 A Note on 2D Plane Strain FEA
Equation (3.9) relates the strain energy of the volume, stiffness, and strain
of a 3D RVE. The units of elastic strain energy, UE, in Eq. (3.9) are Pa ·m3 = J.
Oftentimes, full 3D FEA is not practical due to considerable computational time and
resources required. Thus, a 2D approximation (either plane strain or plane stress)
can be made which greatly reduces the time and computing power required to obtain
a solution. During this work, a 2D plane strain FEA was performed on the RVE as








where Ao is the initial in-plane area. The units of the 2D strain energy, U
2D
E , are
Pa ·m2 = J/m.
3.4.3.2 Derivation of Axial Stiffness
For the axial stiffness case, as shown in Fig. 3.4a, the strain is applied in only
one direction, x1 for example, as described by Eq. (3.11):
E11 = E, E˜ = 0 else. (3.11)















3.4.3.3 Derivation of Shear Stiffness
To determine the shear stiffness, C44 for example, as shown in Fig. 3.4b, the
strain is applied in two counter-opposing directions, as described by Eq. (3.14):
E23 = E32 = E, E˜ = 0 else. (3.14)










2] = 2VoC44 (E)2 . (3.15)





3.4.3.4 Derivation of Off-Diagonal Stiffness
Finally, determination of the off-diagonal terms, such as C12, as shown in
Fig. 3.4c, result from strain applied in two orthogonal directions, as described by
Eq. (3.17):
E11 = E22 = E, E˜ = 0 else. (3.17)








(E)2 [C11 + 2C12 + C22] .
(3.18)








where C11 and C22 are obtained from Eq. (3.13).
After Odegard [60], Table 3.1 summarizes the relations for obtaining all six
independent constants using the direct energy approach.
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Table 3.1: Summary of the displacements and expressions to determine the inde-
pendent constants of a tetragonally-symmetric medium using the direct energy ap-
proach [60].
Property Applied Strain Displacements Elastic Energy
u1 (B) = EL
mn1
C11 E11 = E, E˜ = 0 else u2 (B) = 0 UE = V2C11 (E)2u3 (B) = 0
u1 (B) = 0
C33 E33 = E, E˜ = 0 else u2 (B) = 0 UE = V2C33 (E)2u3 (B) = ELmn3
u1 (B) = 0
C44 E23 = E32 = E, E˜ = 0 else u2 (B) = ELmn3 UE = 2V C44 (E)2u3 (B) = ELmn2
u1 (B) = EL
mn2
C66 E12 = E21 = E, E˜ = 0 else u2 (B) = ELmn1 UE = 2V C66 (E)2u3 (B) = 0
u1 (B) = EL
mn1
C12 E11 = E22 = E, E˜ = 0 else u2 (B) = ELmn2 UE = V (E)22 [C11 + C22 + 2C12]u3 (B) = 0
u1 (B) = EL
mn1
C13 E11 = E33 = E, E˜ = 0 else u2 (B) = 0 UE = V (E)22 [C11 + C33 + 2C13]u3 (B) = ELmn3
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3.4.4 Benchmarking the Direct Energy Approach
In order to benchmark the direct energy approach, two separate models were
developed in COMSOL Multiphysics®: (i) a 2D plane strain and (ii) a full 3D model.
For each of these models, the RVE consisted of a block of steel (Y = 200 GPa,
ν = 0.33) with an in-plane cross-sectional area, A0, of 1 x 1 m, and an out of plane
depth of 1 m. Displacements were applied to the steel RVE as per Table 3.1 for
a strain value, E, of 1x10−4. The results from the 2D plane strain benchmark are
displayed in Table 3.2, and the 3D benchmark results are displayed in Table 3.3. In
each case, the results from the direct energy method are equal to the values calculated
from the benchmark stiffness formulas. This particular implementation of the direct
energy method is thus validated.
3.4.5 Energy Derivative Method
A similar approach, referred to in this work as the energy derivative method,
can be implemented that is better suited for nonlinear elastic behavior. Like the direct
energy approach, the energy derivative method also applies prescribed strains on the
surface of the RVE and calculates the resulting strain energy. The primary difference
is that the energy derivative method requires the calculation of strain energy for a
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range of imposed deformations. Once the resulting strain energies are calculated, the
local, or tangent, stiffness of the element at a specified strain state can be calculated
directly from the local curvature of the strain energy versus strain plot. This approach
has the distinct advantage that it is ambivalent with regard to the linearity of the
stress-strain relation, can take into account finite deformations, and can be used to
find higher order elastic constants (though the latter is not considered in this work).
The energy derivative method is therefore a robust approach for determining the
stiffness of materials and microstructure whose constitutive elastic response evolves
nonlinearly when large strains are imposed at its boundaries.
The basic premise, as shown in Eq. (3.8), is that a strain-dependent nonlin-
ear local stiffness tensor of a material can be obtained by taking the second partial
derivative of the strain energy function with respect to the imposed strain. For the
case when UE is determined through FEA, as is the current case, those derivatives are
found numerically. A formula relating stiffness, strain energy, and strain can therefore
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be derived for each of stiffness values using the curvature of the strain energy function
for the element of interest.
3.4.5.1 Derivation of Axial Stiffness




E˜), the stress function













E˜) represents the current volume, as opposed to the initial reference volume,
Vo, in the direct energy approach. The stiffness is then obtained by taking the second










3.4.5.2 Derivation of Shear Stiffness




E˜), the stress function











The stiffness is then obtained by taking the second partial derivative of the strain
energy function with respect to the imposed strain to yield:
CNL44
(







3.4.5.3 Derivation of Off-Diagonal Stiffness
Starting with Eq. (3.18), but replacing C11, C12, and C22 with associated non-
linear representations, the stress function is obtained from the first partial derivative









E˜)E [CNL11 (E˜)+ CNL22 (E˜)+ 2CNL12 (E˜)] . (3.24)
The stiffness is then obtained by taking the second partial derivative of the strain




















Table 3.4 captures the energy derivative method formulas and boundary con-
ditions required for the determination of the six independent elastic constants of
the candidate inclusion geometry. This method is employed to calculate the effec-
tive mesoscopic stiffness of a candidate microstructure. First, calculations of given
isotropic elastic constants were performed in order to benchmark the method, as
shown in Sec. 3.4.6.
3.4.6 Benchmarking the Energy Derivative Method
A cube of isotropic steel (Y = 200 GPa, ν = 0.33) is used to benchmark the
energy derivative method. After applying a range of displacements to the front yz -face
in the x -direction, the resulting strain energy plot is shown in Fig. 3.5a. Figure 3.5a
depicts the smooth parabolic form of the strain energy as a function of engineering
strain. Taking the first derivative of the strain energy function with respect to the
applied displacement yields the stress function, depicted in Fig. 3.5b, which illustrates
how the stress function follows a linear form with constant slope and y-intercept of 0.
Finally, taking the second partial derivative of the strain energy function with respect
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Table 3.4: Summary of the displacements and expressions to determine the inde-
pendent constants of an tetragonally-symmetric medium using the energy derivative
approach.
Property Applied Strain Derivative Method Stiffness
C11 E11 = E, E˜ = 0 else CNL11 (E˜) = 1V (E˜) ∂
2UE(E˜)
∂(E)2
C33 E33 = E, E˜ = 0 else CNL33 (E˜) = 1V (E˜) ∂
2UE(E˜)
∂(E)2
C44 E23 = E32 = E, E˜ = 0 else CNL44 (E˜) = 14V (E˜) ∂
2UE(E˜)
∂(E)2
C66 E12 = E21 = E, E˜ = 0 else CNL66 (E˜) = 14V (E˜) ∂
2UE(E˜)
∂(E)2








CNL11 (E˜) + CNL22 (E˜))
]








CNL11 (E˜) + CNL33 (E˜))
]
to applied displacement yields the stiffness. As indicated in Fig. 3.5c, this value is
equal to 296 GPa for all displacements, which is equal to the known value of C11 for
isotropic steel, as given by Eq. (3.26):
C11 =
Y (1− ν)




= 296 GPa. (3.26)
To stress the point, this example illustrates that for linear elastic materi-
als, the strain energy function assumes a parabolic form; the stress function is a
monotonically-increasing line with constant slope; and the stiffness is a line of con-
stant value across all applied displacements. This example demonstrates why applying
a single small strain, as in the direct energy approach, is sufficient for characterizing
linear elastic materials. Further, this shows how the energy derivative method is well
suited as a more general method for determining elastic constants because there is no
implicit assumption as to the linearity of the elastic response of the material.
Having presented a robust and benchmarked approach for estimating elastic




































Figure 3.5: Benchmark results of energy derivative method for a cube of isotropic
steel: (a) strain energy vs. engineering strain; (b) stress function vs. engineering
strain; and (c) stiffness vs. engineering strain.
nonlinear elastic constants for a structured inclusion that employs a difference in
coefficient thermal expansion to induce buckling behavior, as explored in Sec. 3.4.7.
3.4.7 Determination of Temperature-Dependent Stiffness Moduli
Characterization of the temperature-dependent effective elastic constants of
structured inclusions like the one shown in Fig. 3.1 requires the implementation of
a multistep FEA study that considers both the thermal and mechanical deforma-
tion. This work presents results of a two-step process implemented in COMSOL
Multiphysics®. The first step solves the free thermal deformation for a given temper-
ature change. An example deformation is shown in Fig. 3.6a. The thermal deforma-
tion is monitored at the external boundaries of the inclusion, and is considered the
“zero” position for imposing the displacements listed in Table 3.4 in the second step.
The second step then simultaneously solves for the thermal deformation and
the prescribed strain as outlined in Table 3.4 in order to determine each indepen-
dent elastic constant of the mesoscale inclusion. An example deformation including
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Figure 3.6: Representation of the (a) first step in multistep FEA analysis: example
deformation of candidate inclusion after a change in temperature representative of
manufacturing processing (note the web elements buckled outward); and (b) second
step in multistep FEA analysis: example deformation of candidate inclusion subjected
to a simultaneous change in temperature and mechanical loading.
thermal and mechanical loading is shown in Fig. 3.6b. In order to examine the effect
of processing temperature on the inclusion stiffness values, a 2D plane strain FEA
(energy derivative method) was performed on the candidate inclusion for varying
temperatures.
3.4.7.1 Temperature-Dependent Strain Energy: C11 Loading
Examining the temperature-dependent strain energy in the case of C11 loading
sheds significant insight on the effects of processing temperature on the inclusion.
Figure 3.7 presents the temperature-dependent strain energy curves for a range of
∆T . While the curves appear to be linear, this is simply due to scaling; and the more
interesting features of each strain energy curve become apparent in subsequent plots.
From a zoomed-out perspective, Fig. 3.7 clearly demonstrates that an increase in ∆T
results in an increase in UE, due to the thermally-induced strain produced by thermal
contraction of the inclusion.
If the inclusion did not possess beam elements capable of buckling, the curves



















Figure 3.7: Temperature-dependent strain energy values over a range of engineering
strains for ∆T values ranging from 0–1200 K in increments of 200 K. Arrow indicates
increasing ∆T .
contraction, and little else. However, Fig. 3.8 highlights the interesting physics of
the inclusion for three particular ∆T s. Figure 3.8a displays the strain energy curve
of the inclusion for a ∆T of 0 K. This curve is relatively parabolic, and reminiscent
of the strain energy curve of the benchmark model shown in Fig. 3.5a. As the ∆T
is increased to 600 K, the strain energy curve shown in Fig. 3.8b begins to flatten
out over a range of displacements. Recalling that the definition of stiffness is equal
to the local curvature of the strain energy curve, Fig. 3.8b indicates the inclusion
possesses nearly zero stiffness over a range of displacements equivalent to strain values
of approximately -0.02 to 0.005. Finally, as the ∆T is increased to 1200 K, the
strain energy curve shown in Fig. 3.8c clearly demonstrates two distinct energy wells.



























Figure 3.8: Strain energy vs. engineering strain of candidate inclusion under C11
loading for ∆T of: (a) 0 K; (b) 600 K; and (c) 1200 K.
3.4.7.2 Temperature-Dependent Stiffness Results
The resulting nonlinear temperature-dependent effective C11, C12, and C66
stiffnesses for a range of displacements and processing temperatures are presented
in Fig. 3.9. Panels (a) and (b) of Fig. 3.9 clearly show that under certain thermo-
mechanical loading, the beam elements undergo buckling and the effective stiffness
of the inclusion is accordingly negative for a range of displacements. These results
validate the approach of exploiting a coefficient of thermal expansion mismatch to
obtain a NS inclusion. Figure 3.9c illustrates a very interesting temperature depen-
dence of the shear stiffness (C66) value. This is undoubtedly due to the relatively
small contact area between the web and force-concentrating interface elements of the
inclusion. These results further demonstrate the robustness of the energy derivative
method and its ability to estimate nonlinear elastic responses.
3.4.8 Model Results of Candidate Inclusion
The preceding section provided the temperature-dependent stiffness values of
the candidate inclusion in the plane where the most interesting physics (i.e., NS)










































Figure 3.9: Temperature-dependent stiffness moduli vs. engineering strain of candi-
date microstructure for ∆T values ranging from 0–1200 K in increments of 200 K:
(a) effective C11; (b) effective C12; and (c) effective C66 (note: change in x -axis made
due to symmetry of response). Arrows indicate increasing values of ∆T .
Table 3.5: Strain energy and stiffness in a candidate structured inclusion using the
direct FEA micro→ meso scale transition model, for an applied strain, E, of 1x10−4.
C13 C33 C44
Strain Energy Function (J) 3.96x10−6 3.96x10−6 2.54x10−7
Stiffness (Pa) 4.28x106 2.26x1011 3.62x109
required for the out of plane deformation (i.e., in the x3-direction). The effective
mesoscale stiffness results for the suite of applied displacements at the boundaries of
the inclusion per the direct energy method are given in Table 3.5.
In order to integrate the nonlinear temperature-dependent outputs from the
micro→meso scale transition model in subsequent modeling steps, they are linearized
about the point of maximum NS, and combined with the linear 3D FEA results,
presented in Eq. (3.27) as an effective mesoscopic stiffness tensor for the candidate





−6.53 −0.85 4.28 0 0 0
−0.85 −6.53 4.28 0 0 0
4.28 4.28 2.26x105 0 0 0
0 0 0 3620 0 0
0 0 0 0 3620 0
0 0 0 0 0 1950
 . (3.27)
These stiffness values are then used as inputs for the meso → macro scale transition
model presented in Sec. 3.5.
3.5 Meso → Macro Scale Transition Model
3.5.1 Effective Medium Theory
A robust mesoscale to macroscale homogenization model is the only model
that remains to complete the multiscale model of the structured lossy composite ma-
terial proposed in this work. An anisotropic self-consistent (SC) EMT is employed
for this purpose. The model takes the matrix stiffness tensor, the volume fraction,
shape and orientation of the inclusions, and the effective mesoscopic stiffness tensor
of the inclusion as inputs and calculates the effective macroscopic stiffness. This work
employs a three-phase coated inclusion SC micromechanical model for coated ellip-
soidal inclusions embedded in a continuous matrix which was developed in previous
work [30, 32, 61]. These works employ Eshelby’s assumption that the strain in the
heterogeneities is spatially uniform at scales analogous to the mesoscale presented
here [62].
The model is derived by first calculating the stress and strain fields in and
around a coated inhomogeneity due to a macroscopically applied load in a process
known as localization. Expressions for the effective viscoelastic properties are then
determined in a process known as homogenization which finds weighted volumetric
averages of the localized stress and strain fields resulting from the anisotropic vis-
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coelastic contrast, the geometry, the orientation distribution, and the concentration
of microscale inclusions. The model has been shown to provide a good approxi-
mation of the overall viscoelastic response of a composite medium under static and
quasi-static dynamic loading scenarios through application of the elastic-viscoelastic
correspondence principal [30, 32,53].
The effective (complex valued) stiffness tensor of a composite containing coated
inclusions are computed using Eqs. (3.28)–(3.32). In general, the SC model can be















In this expression the stiffness tensors, CX, of each material are denoted with an
M ; I; or C superscript to represent the matrix, inclusion or coating, respectively, and
the tensors AI and AC represent quantities known as strain localization tensors for
the inclusion and coating phases, respectively. The strain localization tensors relate









For the current problem, the volume fraction of coating material is set equal to
zero, fC = 0, leaving only the volume fraction of inclusion, f I, to influence the overall
properties. The strain localization tensors represent tensorial intelligent weighting
parameters and have significant influence on the effective properties calculated. They
take into account not only the material anisotropy of each constituent phase, but also
the inclusion form. For this work, only spherical inclusion geometry is considered for
simplicity, however, wide ranges of inclusion geometries can be represented, ranging
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from needle-like to penny-shaped. For the special case of an anisotropic matrix and
















is the volume average
















Geffik,jl (r− r′) +Geffjk,il (r− r′)
]
. (3.31)
In Eq. (3.31), V I represents the volume of the inclusion, and the Green’s tensor,
Geffij (r− r′), calculates the displacement in i-direction at the point r in the effective
medium due to a unit force in the j-direction resulting from an inhomogeneity located
at point r′. Geffij (r− r′) is defined as the tensor that satisfies the differential equation:
CeffijklG
eff
km,lj (r− r′) + δimδ (r− r′) = 0. (3.32)
Full evaluation of Eq. (3.31) is a non-trivial task and details of the Fourier
transform technique for obtaining an approximate solution can be found in Berveiller
et al. [63] and the appendix of Haberman [27]. Furthermore, inspection of Eq. (3.30)
shows that the SC model is implicit and numerical methods are required for its
implementation. Despite these complexities, it is known to provide very accurate
solutions for a wide range of problems [30], so its use has been employed as the
meso → macro scale transition model in this work.
3.5.2 Validating Mesoscale Homogenization Approach
The multiscale modeling approach has assumed that the nonlinear stress and
strain behavior resulting from the inclusion structure and thermal processing can be
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well represented as a continuous elastic solid domain with nonlinear effective elas-
tic properties at the mesoscale, Ceffmeso (Emeso), where C
eff
meso is the effective nonlin-
ear mesoscopic stiffness tensor and Emeso is the Green’s strain tensor evaluated at
the mesoscale. The advantage of this assumption is that it permits the use of the
homogenized mesoscopic stiffness tensor as a strain-dependent input to classic mi-
cromechanical meso → macro scale transition models. To validate this assumption
and benchmark the unique hybrid FEA and analytical multiscale modeling approach
described here, the three different cases outlined below and schematized in Fig. 3.10
were considered for determining the effective macroscopic stiffness tensor, Ceffmacro, of
a composite consisting of a matrix containing a known volume fraction of structured
inclusions:
1. Three different micromechanical effective medium models of a matrix containing
homogeneous linear elastic spherical particulate inclusions. The models used
here are the Differential Effective Medium (DEM), the Self-Consistent (SC),
and the Mori-Tanaka (MT) models;
2. FEA of an RVE consisting of a matrix containing a homogeneous cubic inclusion
with known elastic properties; and
3. FEA of an RVE consisting of a matrix containing a structured inclusion with
the geometry shown in Fig. 3.1. This represents an FEA of all scales present
and no scale transition approximations.
The resulting effective macroscopic stiffness values from these three different cases
are compared for a range of inclusion volume fractions in Fig. 3.11.
The mesoscopic inclusion stiffness, Ceffmeso, which is an input to model sets
1 and 2, was found using the direct energy method on the structured inclusion to
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Figure 3.10: Three multiscale modeling validations of increasing complexity. (a)
shows a conceptual image of a certain volume fraction of inclusions dispersed through-
out a continuous matrix material, (b) depicts the composition and geometry used
associated with analytical modeling, (c) shows the geometry and properties used in
FEA effective medium models, and (d) depicts the geometry and properties employed
doing a single-step multiscale FEA approximation model.
determine its small strain (linearized) stiffness tensor. It is important to stress that
this step for model set 1 mimics the approach that is advocated in this work for
nonlinear inclusion behavior and is therefore highly relevant to the validation of the
multiscale modeling approach. For all modeling sets, the scale transition modeling
was performed with an isotropic matrix material have a Young’s modulus, Y , of 1 GPa
and a Poisson’s ratio, ν, of 0.3. Compositions having volume fraction (in percent)
of φ ∈
[
0.1 1 2 3 . . . 10
]
were considered here as low inclusion concentrations
are of interest. The results from each of the models are shown in Fig. 3.11.
These results show that there is good agreement between the various modeling
approaches for determining effective macroscopic stiffness properties. It is worth
noting that the three analytical EMT models produce essentially the same values for
all inclusion volume fractions at these concentration levels and that both sets of FE
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Figure 3.11: Effective stiffness values verses volume fraction: (a) axial stiffness: black
– C11, blue – C33; (b) off-diagonal stiffness: black – C12, blue – C12; and (c) shear
stiffness: black – C44, blue – C66. Solid line = differential effective medium; dashed
line = generalized self-consistent model; dashed line with dots = Mori-Tananka; FEA
with CI = Ceffmeso denoted by an ’o’; and FEA with structured inclusion with C
I
denoted by an ’x’.
models closely follow these trends. At the elevated volume fraction of 10%, the FEA-
structured inclusion case differs from the EMT results by no more than 20%, which is
a reasonable error level [64]. For the purposes of this research, where volume fractions
of interest are limited approximately 2%, the results of the EMT and FEA approaches
are in very good agreement. Therefore the micro → meso scale transition approach
employed in this research captures the physics dominating the influence of microscale
structure on the effective properties at the macroscale. Given the good agreement
between stiffness values and general trending among all models, the assumption that
the stress-strain state of a structured inclusion can be well represented by a solid
inclusion of bulk anisotropic properties is thus considered validated and of utility
for multiscale modeling and design purposes. It is acknowledged, however, that the
level of discrepancy is higher than desired for highly accurate multiscale modeling,
specifically with respect to the effective shear moduli of the composite, which should
be addressed in future research.
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3.5.3 Model Results
Using the results of the FEA presented in Section 3.4.8 as the effective stiff-
ness of the mesoscopic inclusion, Fig. 3.12 shows the effective properties calculated
for a composite containing 2% by volume of identically-oriented microstructured NS
inclusions with the properties given in Eq. (3.27). The matrix material was assumed









matrix was assumed to have a small loss factor, ηM, of 0.05 and a Poisson’s ratio, νM,
of 0.30. The results present the overall properties normalized by the properties of the
matrix for a wide range of possible inclusion to matrix stiffnesses. The objective in
making these plots is to determine what ratio of negative inclusion stiffness to matrix
stiffness provides the desired overall performance. Inspection of the resulting effective
anisotropic properties clearly shows that drastic changes in overall stiffness and loss









largest predicted increase occurs for the stiffness components oriented in the x1- (and










23 . The off-diagonal
component, Ceff12 , produces a maximum loss factor ratio of ≈ 20ηM, whereas Ceff11 and
Ceff13 each produce maximum loss factor ratios ≈ 10ηM. It’s worth noting that these
plots indicate that it is possible to simultaneously increase both the stiffness and loss
of a composite compared to the matrix material with the addition of a very small
amount of constrained NS inclusions. Furthermore, these results suggest that vis-
coelastic materials containing even very low volume fractions of inclusions structured
as shown in Fig. 3.1 will display drastic increases in energy absorption while the



























Figure 3.12: Effective stiffness and loss properties predicted by the Self-Consistent
model for a composite containing identically-oriented 2% by volume of the mesoscale
inclusions. The matrix is assumed to have ν = 0.30 and η = 0.05. Stiffness and loss
values (∗ denotes complex-valued) for Ceff∗11 – dashed black line; Ceff
∗
12 – solid black
line; Ceff
∗
33 – dashed blue line; and C
eff∗
13 – solid blue line.
3.6 Summary and Conclusions
The results presented in this chapter were achieved through a combination of
finite element and analytical multiscale material models for specific structures de-
signed to exhibit NS. The results indicate that structures displaying NS behavior can
indeed be designed using buckled elements. Further, a very general finite element en-
ergy based approach has been derived, implemented, and benchmarked to determine
the nonlinear effective stiffness of a structured element. This unique approach can
now be harnessed as a powerful tool for the future design of engineered microstructure
to elicit non-intuitive macroscopic behavior, as demonstrated in Chapter 4. Further-
more, since this approach does not target resonant behavior (as is the case in the
vast majority of metamaterial approaches), NS structures produced using this ap-
proach will be useful over a wide frequency bandwidth for energy absorption. While
the EMT model used in this work is essentially a quasi-static model, these results
consider dynamic effects (1) within the material through viscoelastic losses and (2)
within the inclusion. These results work under the assumption that the inclusions
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are much smaller than the the wavelength of excitation. As such, the fields within
the inclusion are considered uniform. These results can be considered valid for exci-
tation frequencies where wave phenomena can be neglected. Given these underlying
assumptions, this multiscale modeling approach provides a powerful tool in the design
of microstructured composite materials.
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Chapter 4
Hierarchical Design of Composite Materials with
Negative Stiffness Inclusions
4.1 Overview
The chapter utilizes the mulitscale material model (MMM) presented in Chap-
ter 3 to examine the characteristics of thermal expansion mismatch microscale inclu-
sions over a wide range of geometric parameters by means of a surrogate model of
geometry-dependent stiffness. Design and performance mappings of the micro→meso
scale transition are presented in Sec. 4.3 and the meso → macro scale transition is
explored in Sec. 4.4. Finally, a composite beam with a high loss coating is used to
demonstrate how the approach in this chapter can yield highly optimized results in
Sec. 4.5.
4.2 Introduction
The design of composite materials with microscale, negative stiffness (NS) in-
clusions is challenging from several perspectives. First, the design space is complex.
The MMM introduced in Chapter 3 must consider the geometry and material proper-
ties of the microstructure as well as the volume fraction, morphology, and orientation
distribution of the inclusions at the mesoscale. The relationships between these vari-
ables are sometimes highly nonlinear. Furthermore, computationally expensive finite
element (FE) methods are required to model the constitutive mesoscale properties
of the inclusion, and these models are difficult to automate. Similarly, due to im-
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plicit numerical solution techniques, micromechanical effective medium approaches
for modeling the meso → macro scale transition can display numerical instability,
which prevents full automation of the design exploration process. In addition, the de-
sign space includes discrete variables, such as alternative topologies of the inclusions,
and highly nonlinear relationships between the geometric characteristics of those in-
clusions and the macroscopic loss behavior. Uncertainty also plays an important role,
for example, in the impact of process-induced variations in the geometry of inclu-
sions on their mesoscale behavior. Though this variation is not explored here, it is a
nontrivial component of the design of these types of materials and the modeling and
design strategy must therefore be of appropriate generality to consider fabrication.
All of these characteristics, plus the inherently multilevel nature of the design prob-
lem, motivate the need for a comprehensive approach for multilevel design of these
material systems. This approach is the topic of the current chapter.
4.3 The Micro→Meso Scale Transition Model Design Space
Figure 4.1 illustrates the modeling approach implemented in this section, be-
ginning with the parameterization of the inclusion geometry and ending with the
mesoscale design space exploration. In the micro → meso scale model, the geome-
tries of the inclusions are designed to provide NS in at least one direction. The
parameterization of a candidate inclusion and the homogenization approach for pre-
dicting its properties are described in Sec. 4.3.1. Section 4.3.2 then introduces the
concept of geometry-dependent stiffness and Sec. 4.3.3 describes the development of
a surrogate model to estimate the stiffness for a wide range of geometry parameters.
This is followed by Sec. 4.3.4 which provides a validation of the surrogate model.
Finally, mappings of the design and performance spaces are described in Sec. 4.3.5.
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Figure 4.1: Schematic of modeling approach developed to explore the mesoscale design
space.
4.3.1 Layout and Modeling of the Negative Stiffness Inclusions
A candidate geometry for the NS inclusion is depicted in Fig. 4.2. The in-
clusion is intended to be manufactured using a micro co-extrusion process, in which
successive extrusions of a green part reduce the inclusion’s external and internal di-
mensions from millimeter to micrometer scale [48–52]. During the extrusion process,
voids are filled with a carbon black material. Post-extrusion, a high-temperature sin-
tering process pyrolizes the carbon black from the extrudate, which leaves voids within
the inclusion. The inclusion is comprised of two materials, alumina (Al2O3) and yt-
tria tetragonal zirconia polycrystals (YTZP), whose coefficients of thermal expansion
differ. Given the temperature change experienced during sintering and cool-down to
room temperature, differential contraction during the sintering process axially com-
presses the four alumina beams in Fig. 4.2 so that they assume the outwardly buckled,
bistable states depicted on the right of Fig. 4.2. When the inclusion is embedded in a
matrix material and mechanically loaded, NS of the inclusion can be induced, leading
to greater localized strains, and hence greater stiffness and damping, than positive
stiffness inclusions.
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Figure 4.2: A candidate inclusion design showing FE modeling.
Figure 4.3 illustrates the geometric parameters that define the inclusion. The
external boundary of the inclusion, and the mesoscale, is defined by the parameter
L. The parameter 2H defines the height of a “T”-shaped interface which transfers
loading from the constraining matrix to the buckled element. The parameter T
defines the width of the connection between the interface and the buckled element.
The parameter L1 locates the midpoint of the inclusion, L1 = L/2 − 2H. The
parameter B defines the height of the buckled element and the voided region below
it. Finally, L2 defines the length of the element that will buckle by design. To reduce
the dimensionality of the problem, non-dimensional ratios are used to adjust the












To relate the geometric parameters of the inclusion to the effective elastic
properties of the inclusion, a two-step, nonlinear, multi-scale material homogeniza-
tion method is applied to the inclusion, as detailed in Chapter 3. In that multiscale
model, nonlinear finite element analysis (FEA) is used to obtain the strain energy of
the inclusion for a range of displacements and boundary conditions, from which the
leading order elasticity constants are determined. The nonlinear FE model considers
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Figure 4.3: Cross-section view of parameterized inclusion geometry with all critical
parameters. YTZP shown in light blue; alumina elements in dark blue.
both the geometric nonlinearity of the inclusion structure and the loading induced by
differential thermal contraction during the sintering process. The methodology then
assumes that the nonlinear stress and strain behavior resulting from the inclusion
structure can be well-represented as a continuous elastic solid inclusion with nonlin-
ear mesoscopic effective elastic properties, Cm,eff (Em), where Cm,eff is the effective
nonlinear mesoscopic stiffness tensor and Em is the Green’s strain tensor evaluated
at the boundaries of the inclusion. Elements of the effective nonlinear mesoscopic
stiffness tensor are calculated from the curvature of the inclusion’s strain energy
versus Green’s strain relationship, using energy methods, as fully described in Chap-
ter 3. The mesoscopic stiffness tensor is then used as a strain-dependent input to the
meso → macro scale transition model in Sec. 4.4.
4.3.2 Microstructural Design: Geometry-Dependent Stiffness
In order to provide a full inspection of the design space for this particular
inclusion geometrical framework, a range of values for each geometric ratio was es-
tablished and particular geometries were constructed using a Halton sequence [65].
A Halton sequence is a deterministic sequencing approach based on a prime number
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base. The Halton sequence offers a means to produce quasi-random sampling of a
wide design space, and allows one to easily add permutations to the dataset, provided
that the ranges of parameters to be inspected remain constant. The dataset presented
here consisted of 1,000 geometries sampled from the ranges for each ratio specified in
Table 4.1. These ranges were chosen to provide a broad sampling range resulting in
both negative and positive values of effective mesoscopic stiffness.
Using COMSOL® LiveLink™ for MATLAB®, two different FEA studies were
implemented. Each study contained an automated inclusion geometry construction
and meshing routine. The first study analyzed the nonlinear 2D plane strain tem-
perature dependent elasticity constants C11, C12, and C66 over a range of imposed
displacements. The second study analyzed the linear 3D elasticity constants, C11,
C12, C13, C33, C44, and C66. Figure 4.4 shows 8 example geometric configurations
with associated FEA meshes intended to show the wide range of tested geometries.
This FEA data, which altogether amounted to over 500,000 data points, was
used to build a metamodel of the geometric-dependent stiffness for each stiffness
constant. A metamodel, or surrogate model, refers to a function fitted to arbitrary
data points in order to save time and computational expense. While there are many
approaches to generating metamodels, the approach used in this work is known as
Kriging [38], and is explained in Sec. 4.3.3.
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Figure 4.4: Example geometries generated by the Halton sequence.
4.3.3 Microstructural Design: Kriging Surrogate Modeling
Kriging builds a model based on a known global function with additional




βifi (x) + Z (x) , (4.2)
where βi are unknown coefficients and fi (x) are pre-defined functions. As Backlund
et al. [66] point out, Z (x) provides the departures from the base function in order to
interpolate the training points, and is the realization of a stochastic process with a
mean of zero, variance of σ2, and nonzero covariance of the form:
cov [Z (xi) , Z (xj)] = σ
2R (xi, xj) , (4.3)
where R is the user-specified correlation function. Similarly to Backlund et al. [66],
a constant term for f (x) is used in this study and a Gaussian curve is used for the
correlation function that takes the form:





where θi are unknown correlation parameters that are automatically determined dur-
ing the model fitting process. Although Kriging has been shown to be slow in terms
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of build and prediction time compared with other metamodeling techniques [67], Kim
et al. [43] demonstrate the ability of Kriging to successfully model nonlinear and mul-
timodal problems. For this reason, Kriging was selected for generating a metamodel
of inclusion stiffness in this work.
In general terms, surrogate models were developed for this project using a
Kriging approach in order to determine the effective nonlinear mesoscopic stiffness
as a function of inclusion geometry, constituent material properties, and thermo-
mechanical loading. This can be stated in a pseudo-mathematical representation,
shown in Eq. (4.5):
Cm,eff = f (geometry, materials, displacement, ∆T ) . (4.5)
The advantage of this functional approach is that the effective mesoscopic
stiffness can be calculated using an analytical function rather than a computationally
expensive FE model. This is a powerful tool for the current material design problem
because it permits the estimation of the mesoscale inclusion stiffness for any arbitrary
geometry (within the provided bounds) in a matter of seconds as opposed to the hours
required to generate results using computationally-intensive FE methods. It is im-
portant to note, however that one must generate a large dataset using FEA results
in order to produce the surrogate model. Thus, a very general approach to obtaining
accurate estimates of inclusion stiffness based on arbitrary geometries has been estab-
lished and leveraged in this work to generate significant computational capabilities for
a highly nonlinear constitutive microscale geometry that can be exploited to produce
NS behavior. This will greatly enhance the future design of multiscale materials that
employ microscale structure to generate NS behavior.
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4.3.4 Kriging Model Validation
In order to validate the surrogate model developed in this work, the master
dataset of 1,000 trials for each stiffness constant was used in two ways. First, roughly
10% of the dataset was used as “known” values, against which the predicted response
of the mode was compared. Secondly, of the remaining 90% of the dataset, the model
was trained using a certain number of training points, ranging from 10% to 100%, in
increments of 10%. The error metrics used in this work follow analysis by Backlund et
al. [42], namely the relative average absolute error (RAAE) and the relative maximum
absolute error (RMAE). The RAAE is given by Eq. (4.6):
RAAE =
∑n
i=1 |yi − ŷi|
nσ
, (4.6)
where yi is the actual value of the base model at the i
th test point, ŷi is the predicted
value from the metamodel, n is the number of test cases, and σ is the standard
deviation of the dataset used for training the model. The RMAE is given by Eq. (4.7):
RMAE =
max |yi − ŷi|
σ
, i = 1, . . . , n. (4.7)
This work also calculates and reports the average and maximum error without




i=1 |yi − ŷi|
n
. (4.8)
The maximum absolute error (MAE) is given by Eq. (4.9):
MAE = max |yi − ŷi| , i = 1, . . . , n. (4.9)
The results of this validation are presented in Figs. 4.5–4.6. Figure 4.5 depicts
the absolute (panel (a)) and relative (panel (b)) error metrics, respectively, for the 2D
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Figure 4.5: Error metrics for 2D stiffness values: (a) absolute and (b) relative error.
Maximum values denoted by an ‘x’. C11 error–solid black line, C12–blue, and C66–
gray.
elastic constant (C11, C12, and C66) trials; Fig. 4.6 depicts the error metrics for the
3D trials. Figures 4.5–4.6 demonstrate similar trends throughout the cross validation.
While the maximum error in both 2D and 3D cases can be high (up to 1 GPa), when
this error is normalized by the standard deviation of the dataset, the relative error
decreases to 0.1, and even as low as 0.001, which indicates good performance of the
model. Further, the results demonstrate that the model in each case asymptotically
approaches a minimum error value when trained by at least 40% (approximately 400
test cases) of the master dataset. For the results presented in subsequent sections of
this work, the model was trained by 100% of the dataset, so this validation yields
high confidence in the accuracy of the surrogate model developed and employed in
this work.
Having validated the Kriging model used to generate stiffness values over a
wide range of geometries, Sec. 4.3.5 presents results of the micro → meso scale tran-
sition design space.
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Figure 4.6: Error metrics for 3D stiffness values: (a) absolute and (b) relative error.
Maximum values denoted by an ‘x’. C11 error–solid black, C12–solid blue, C66–solid
gray, C33–dashed black line, C13–dashed blue, and C44–dashed gray.
4.3.5 Mapping the Micro → Meso Scale Transition Design Space
The micro → meso scale transition model design problem has three design
variables, corresponding to the dimensionless parameters in Eq. (4.1), and six per-
formance parameters, corresponding to elements of the mesoscopic effective stiffness
tensor, Cm,eff . The performance parameters of particular interest in this example
are two of the elements of the stiffness tensor, Cm,eff11 and C
m,eff
12 , which are directly
related to the plane-strain bulk modulus of the inclusions. Values of the performance
parameters are divided into two classifications. The high performance class captures
designs that exhibit NS in the first principal direction: a negative value for Cm,eff11 .
Low performance designs do not exhibit NS in the first principal direction. Data
from the FE-based homogenization procedure serve as training points for mapping
the design and performance spaces, with resulting maps illustrated in Figs. 4.7 and
4.8. The training points were comprised of the 1,000 trials of the Halton sequence,
interpolated to span the bounds of each non-dimensional geometric ratio specified in
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Figure 4.7: Micro → meso scale transition design space mapping: blue points–high
performance, red points–low performance.
Table 4.1.
A 2D plot of the microscale design space in Fig. 4.7 maps the high performance
design points that exhibit negative values for Cm,eff11 . High (low) performance points
are blue (red), and the black line represents the decision boundary between high and
low performance designs. Some of the points within the high performance decision
boundary are low performance points, indicated by the red points within the blue
region. These points are not incorrectly classified. Rather, they reflect the projection
of a 3D design space onto a 2D surface. The RL2T design variable has only a minor
influence on Cm,eff11 , but changes in its value account for the apparent misclassification
of points in Fig. 4.7, which could be eliminated with a 3D plot.
The high performance points in Fig. 4.7 relate to designs in which the four
alumina beams shown in Fig. 4.2 buckle due to the induced strains during the ther-
mal contraction of YTZP. The absence of high performance points in the upper left
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quadrant of Fig. 4.7 indicates that the induced strain on the beams is insufficient
to cause buckling, and supports the notion that a short and thick beam will not
buckle. Although not plotted in Fig. 4.7, the design variable RL2T controls the width
of the connector between the alumina beam and the YTZP. This parameter has been
bounded to prevent inaccurate point-loading simulation results at the lower bound,
and to prevent detrimental effects to the beam buckling characteristics at the upper
bound; otherwise, it has little effect on the performance of the inclusion.
All of the design points in Fig. 4.7 map to performance points in Fig. 4.8a, with
high performance designs again represented by blue dots. The black lines in Fig. 4.8
represent the boundary of the achievable space, which represents the combinations
of performance parameter Cm,eff11 and C
m,eff
12 values that correspond to feasible com-
binations of design variable (RL1L2 , RB, and RL2T ) values. The micro → meso scale
transition model performance space mapping shown in Fig. 4.8a makes it evident that
only a small fraction of the design space maps to high performance designs (shown
in blue), with attainable Cm,eff11 values ranging from 4,000 MPa in positive stiffness to
only -80 MPa in NS. Figure 4.8b presents the simulation results and attainable and
unattainable performance regions in the strictly high performing (C11 < 0) case.
4.4 The Meso→Macro Scale Transition Model Design Space
In the meso → macro scale transition model, the effective stiffness and loss
factor are estimated for a composite material, consisting of the NS inclusions dispersed
within a viscoelastic matrix. As described in Chapter 3 and Sec. 4.4.1 of the present
chapter, effective medium theory (EMT) is used to estimate the effective stiffness and
loss properties of the composite. Mappings of the design and performance spaces are
described in Sec. 4.4.2.
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Figure 4.8: (a) Micro → meso scale transition performance space mapping; (b) per-
formance space for high performance case (C11 < 0). Green shaded areas–attainable
design space, gray shaded areas–unattainable design space.
4.4.1 Modeling the Performance of a Composite Material with Negative
Stiffness Inclusions
Given the necessary parameters describing the heterogeneous mesoscale, mi-
cromechanical EMT is used to predict the macroscale effective stiffness and loss prop-
erties of the homogenized composite material. The inputs to the meso→ macro scale
transition model described in Chapter 3 are the volume fraction, morphology, and
orientation of the inclusions within the viscoelastic matrix; the material properties
of the matrix; and the effective mesoscale inclusion stiffness tensor. The material
properties of the matrix material are assumed to be complex valued (representing
a viscoelastic material) and known. The mesoscopic stiffness values of the struc-
tured inclusions, on the other hand, have properties determined using the methods
described in Sec. 4.3. EMT is a very general modeling approach for estimating quasi-
static macroscale stiffness and loss behavior of viscoelastic composite materials [30].
Figure 4.9 depicts the meso→ macro scale transition model used in this work, which
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Figure 4.9: Conceptual schematic of the homogenization approach of the Self-
Consistent micromechanical model, after Haberman et al. [30].
is a self-consistent model for approximating the effective macroscopic properties of a
continuous matrix material containing coated ellipsoidal inclusions. The mesoscale
representational volume element (RVE) containing a matrix with stiffness CM, an
inclusion with stiffness CI, and an inclusion coating with stiffness CC is homogenized
into a macroscale element with stiffness Cg,eff .
Using these traditionally static models, stiffness and loss behavior of the com-
posite under quasi-static dynamic loading can be modeled via the elastic-viscoelastic
correspondence principle. Quasi-static loading conditions are defined as the case
where inclusions remain much smaller than the wavelengths induced in the matrix
material by dynamic loading and no localized resonances [31]. With these restrictions,
the elastic-viscoelastic correspondence principle states that the stiffness tensor of the
homogenized composite can be represented with complex valued entities according to
Eq. (4.10):
C = C′ + jC′′ = C′ (I + jη) , (4.10)
where C is the complex stiffness tensor consisting of storage, C′, and loss, C′′, com-
ponents, I is the fourth order identity tensor, and η is the loss factor tensor. Under
this principle, the usual operations applicable to EMT hold and the overall absorptive
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Table 4.2: Meso → macro scale modeling parameters.
Parameter Variable Value
Matrix Young’s Modulus Y M 30 MPa
Matrix Poison’s Ratio νM 0.3
Matrix Loss Factor ηM 0.005
Inclusion Volume Fraction 0.2%
properties of the composite can be estimated [30].
Whereas the inclusions exhibit a highly anisotropic elastic response, an overall
isotropic response of the composite is estimated by adding a small volume fraction
(0.2%) of inclusions with random orientation, and the effective properties are then
found using orientational averaging, as reported in Haberman et al. [30]. The relevant
matrix material properties used in this study are given in Table 4.2.
4.4.2 Mapping the Meso → Macro Scale Transition Design Space
The design variables of the meso → macro scale transition model include the
Cm,eff11 and C
m,eff
12 elements of the effective mesoscale stiffness tensor, C
m,eff , of the
inclusion; the results presented in Chapter 3 indicate that these two elements have
the largest performance impact on macroscale performance. The model has two
performance variables, namely, the effective stiffness and loss factor of the composite
material, defined by the real and imaginary component of the complex valued stiffness
tensor of the homogenized composite described in Eq. (4.10).
The mapping of the meso→macro scale model classifies the design and perfor-
mance spaces into high performance, low performance, and unattainable regions. High
performance designs provide a loss factor greater than twice that of the matrix mate-
rial. The meso → macro scale design space mapping is illustrated in Fig. 4.10. The
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Figure 4.10: Meso→ macro scale design space mapping: red–low performance; blue–
high performance with macroscale stiffening; green–high performance without stiff-
ening. Gray reflects unattainable design region.
solid black lines indicate the boundary of the achievable space, which is transferred
from the micro → meso scale performance map in Fig. 4.8. Within that achievable
space, the red dots indicate low performance designs that do not meet the loss factor
threshold. The blue and green dots represent designs with high performance, with the
blue dots also meeting a minimum threshold for effective stiffness of the homogenized
composite (specifically, the effective stiffness of the composite must be greater than
or equal to that of the matrix material). The design space mapping illustrates the
narrow band of designs that provide high macroscopic performance, wherein only 5%
of the meso → macro scale design space was classified as high performance.
Further analysis of the high performance design space of the meso → macro
scale model demonstrates intriguing trends. Setting the Cm,eff11 stiffness value equal to
−20 MPa and unilaterally progressing along the Cm,eff12 stiffness value yields the plot























Figure 4.11: The effective stiffness and loss ratio of the composite as a function of
Cm,eff12 , with C
m,eff
11 = −20 MPa.
is to be expected, as the loss factor increases as the design gets closer to its “sweet




in Fig. 4.11 decreases prior to the sweet spot
and increases afterwards; a trend that has been shown by Lakes [12] and recent work
by the author [68].
The narrow high performance bands shown in Fig. 4.10 indicate a linear re-
lationship between Cm,eff11 and C
m,eff
12 for high performance designs. This trend is
explicitly shown in Fig. 4.12. The trend line relates the high performance space
to a constant sum of Cm,eff11 and C
m,eff
12 . These two constants can be related to the





Noting the relationship between Cm,eff11 and C
m,eff
12 and the plane-strain bulk modulus,
Kps, given by Eq. (4.11), these results suggest that the high performing designs ex-
hibit a target value for the plain strain bulk modulus which yields desirable overall
combinations of stiffness and loss. It is very interesting to note that the results shown
in Figs. 4.11 and 4.12, echo results previously published by Lakes [12], which indicate
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m, eff = −1.0053C
11
m, eff − 39.6 (MPa)
R2 = 0.9892
Figure 4.12: A trend line of the meso→macro scale design space for high performance
data points: blue–macroscale stiffening; green–decrease in macroscale stiffness.
that specific ratios of inclusion to matrix shear moduli result in drastic increases in
the loss factor of the composite.
The y-intercept of the linear trend shown in Fig. 4.12 is specific to the par-
ticular matrix stiffness chosen in this experiment. One observes that the intercept
essentially determines the plane-strain bulk modulus of the inclusion that will yield
significant increases in the overall lossy behavior of the composite. For this particular
case, the ratio of the plane-strain bulk modulus of the inclusion to the bulk modulus
of the matrix is approximately −0.02. This ratio may be a useful target for enhanced
performance in future studies, though the matrix Poisson’s ratio and anisotropy of
the inclusion likely influence this value. In general, however, these results provide
insight into the relationship between the plain strain bulk modulus of inclusions and
matrix stiffness.
Having explored the meso → macro design space, the mapping of the perfor-
mance space is illustrated in Fig. 4.13. The colors of the design points correspond
to those in the design space map in Fig. 4.10. The macro-scale performance space
clearly demonstrates the benefits of loss and stiffness gained in the high performance
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Figure 4.13: Macro-scale performance space mapping: red–low performance; blue–
high performance with macroscale stiffening; green–high performance without stiff-
ening. Light green reflects attainable design region; gray–unattainable.
class, as well as the small fraction of points which fall into this class.
The next step is to utilize the micro → meso and meso → macro scale tran-
sition model mappings to design a component. This step involves intersecting the
smaller-scale performance space mapping with the larger-scale design space mapping
to identify multiscale sets of designs that achieve a set of performance requirements
for the component. Section 4.5 applies the knowledge of the hierarchical design and
performance spaces to the design of a composite coating for passive damping of a
structural beam.
4.5 Beam Coating Demonstration Study
In this section, the design and performance space mappings from Sec. 4.4
are used to design a multilayer, cantilever beam coated with a composite material
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containing metamaterial inclusions. Section 4.5.1 describes the model for passive
viscoelastic damping in a multilayer beam, and Sec. 4.5.2 explores the impact of the
design of the composite metamaterial on the shock response of the beam.
Throughout this section, two different coatings are investigated, i) high and
ii) low performance, to illustrate the benefit of the approach in Sec. 4.4. The high
performance coating corresponds to a design on the border of the blue and green
points of Fig. 4.10, while the low performance coating corresponds to a red design
point in Fig. 4.13. Specifically, the selected high performance design has an effective
coating loss factor, ηC, of 0.060, and the low performance design has an effective
coating loss factor of 0.005. The high and low performance designs both have equal
magnitude effective stiffness, Y C, of 33 MPa. The underlying beam is assumed to be
an idealized lossless material with a Young’s modulus, Y B, of 1000 MPa.
4.5.1 Loss Factor and Stiffness of a Multilayer, Cantilever Beam
Figure 4.14 illustrates a structural beam coated with a viscoelastic material
with microscale inclusions. Ross et al. [69] provide a relationship between the loss
factor of the composite beam, ηeff , and that of the viscoelastic coating material, ηC,


















where H12 is the distance between neutral axes of the two layers of a multilayer beam
system; the radius of gyration, ri = Hi/
√
12; k = K2/K1, where Ki = YiAi, where Yi
is the real part of the Young’s modulus and Ai is the cross-sectional area of layer i;
and a is given by Eq. (4.13):






Figure 4.14: Illustration of a beam with a composite coating.



















Figure 4.15: Normalized stiffness vs. effective composite loss factor with varying
coating thicknesses. Red indicates low performance coating; blue–high performance
coating. Arrow indicates direction of increasing γ.





The potential structural benefits of the coating are shown in Fig. 4.15, which
displays the normalized effective stiffness of the composite beam versus effective loss
factor as a function of the height fraction, γ. The effective stiffness, Y eff , of the
composite beam was calculated using the Voigt approximation [70], and is normalized
by the beam stiffness, Y B, in order to demonstrate the effect of the coating on the
overall stiffness of the composite beam. The effective loss factor of the composite,
ηeff , was determined from Eq. (4.12).
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As shown in Fig. 4.15, the composite beam loss factor increases with increasing
coating thickness. For the high performance coating, this increase occurs at a much
greater rate relative to the low performance coating, while both high and low perfor-
mance coatings experience equivalent decreases in the overall stiffness of the beam.
This trend is expected because the high and low performance designs were chosen to
have equivalent effective stiffnesses but with very different effective loss factors.
The plot shown in Fig. 4.15 could be used to engineer a multilayer system
with desired stiffness and loss characteristics based solely on the height fraction. At
a height fraction, γ, of 0.2, the effective composite stiffness is decreased by 19%, with
a loss factor, ηeff of the high performance composite of 0.0017 and a loss factor of the
low performance coating of 0.00014. Similarly, if the coating-to-beam height ratio
increased to 0.5, the effective composite stiffness of both designs are decreased by
48%, with a resulting loss factor of the high performance composite of 0.0064 and a
loss factor of the low performance coating of 0.00053.
4.5.2 Transient Response of the Multilayer Cantilever Beam to an Im-
pulsive Load
To demonstrate the performance enhancements associated with the energy
absorbing coating, the coated beam is assembled in a cantilever orientation, as shown
in Fig. 4.16, and subjected to an impulsive load at its free end. It is assumed that
the length, L, and width, W , of the cantilever beam are 1 m and 0.2 m, respectively.
The overall cross-sectional height of the beam, H1 +H2, is assumed to be 0.1 m, and
the individual heights of the beam and viscoelastic material are determined by γ in
Eq. (4.14). The density of the beam is assumed to be 1,000 kg/m2, and the density of
the viscoelastic material is assumed to be 200 kg/m2. Although the cantilever beam
is an idealized structural component, it helps illustrate the potential value of the NS
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Figure 4.16: An illustration of the coated cantilever beam with an impulsive load
imposed at its free end at t = 0.



















Figure 4.17: The coated and uncoated cantilever beam shock response. Dashed black
line indicates shock input; green line–uncoated beam; red–low performance coating;
blue–high performance coating.
composite for vibro-acoustic dampening applications.
The height fraction for this demonstration study was chosen based on Fig. 4.15
to exhibit one order of magnitude decrease in stiffness, which corresponds to γ of 0.93.
For this choice of coating height, the loss factors for the high and low performance
composites are 0.015 and 0.0013, respectively. For this experiment, the beam tip is
subjected to a 10 g magnitude versine shock input with a 25 ms duration starting at
t = 0. The resulting tip displacement for two cases of interest is plotted in Fig. 4.17.
As shown in Fig. 4.17, the tip displacements of the two composite beams
exhibit oscillating ringdown, because neither composite is critically damped. The
high performance coating causes the beam to ring down significantly faster than the
72
low performance coating, however, and both are a profound improvement over the
underlying beam alone, which would theoretically oscillate forever. The high perfor-
mance composite is 0.75% critically damped, while the low performance composite is
0.065% critically damped. This is equivalent to a log decrement of -0.047 for the high
performance composite and -0.0041 for the poor performance composite. The high
performance composite attenuates the acceleration to 0.7% of its initial acceleration
amplitude after 10 seconds, while the poor performance coating composite attenuates
its acceleration amplitude to only 65% of its initial amplitude during the same time
period. The acceleration attenuation of the high performance composite equates to
a time constant of 2.04, while the poor performance composite has a time constant
of 23.5. To summarize, the high performance coating provides much more efficient
damping, exhibiting an order of magnitude improvement in log decrement and an or-
der of magnitude decrease in time constant in comparison with the low performance
coating.
4.6 Closure
In summary, this chapter has presented the implementation and results of
a multiscale modeling approach, capable of engineering macroscale materials with
enhanced energy absorption based on embedded constituents with particular mi-
crostructural features. Section 4.3 introduced the idea of geometry-dependent stiff-
ness for microscale inclusions subjected to thermal mismatch buckling. A metamodel
of stiffness as a function of geometric parameters was developed and used to map
the micro → meso scale transition design and performance spaces. These results
were incorporated into the meso → macro scale transition model results presented in
Sec. 4.3. Design and performance maps were created at this scale, and high and low
performance materials were selected for use in a composite beam demonstration in
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Sec. 4.5. The composite beam demonstration revealed marked improvement of the
high performance coating over the low performance coating.
The results presented here suggest that viscoelastic materials containing even
very low volume fractions (0.2%) of structured NS inclusions display drastic increases
in energy absorption and loss factor as well as providing the capability to tailor the
stiffness at the macroscale. Further, because the effective properties of the composite
can be tuned by adjusting the properties of the inclusion and the inclusion properties
can be tailored through its microscale structure, the modeling approach presented
in this work can be leveraged to achieve macroscopic performance exceeding those
of currently available materials. It is also interesting to note that the generality of
the multiscale model can easily be altered to offer more complex behavior, such as
high damping in one direction and low in another, simply by altering the microscale
structure. This chapter presents a hierarchical model leading to total inverse design.
This approach implements cascading models and techniques to specify microscale
inclusion parameters such as geometry, volume fraction, and orientation distribution,
based on requirements at the macroscale. Results from the models can be propagated
in the reverse direction as well.
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Chapter 5
Design, Build, and Test of Prototype Negative
Stiffness Inclusions
Whereas the models and results presented in Chapters 3 and 4 have centered
around a negative stiffness (NS) inclusion design based on a mismatch of thermal
expansion, this chapter explores the fabrication and test of NS elements by means of
an alternative manufacturing approach. One objective of this research is to perform
experimental testing on a proof-of-concept element. Although micro-coextrusion is
a well established manufacturing process, attempts to produce an NS inclusion by
this means were unsuccessful and motivated the pursuit of other means of fabri-
cation. Micro-coextrusion is an excellent candidate for dramatically decreasing the
element size, but is a rather complicated process for producing relatively simple proof-
of-concept measurements. This chapter presents the design of and test results for
prototype NS inclusions fabricated by Selective Laser Sintering (SLS). Section 5.1 in-
troduces the idea of a curved beam bistable element, as well as the design, simulation,
and fabrication of two prototype elements. Section 5.2 presents the test results of NS
elements produced by SLS, and compares the experimental results with analytical
and finite element predictions.
5.1 Negative Stiffness via a Curved Beam
In work related to micro-electromechanical systems (MEMS) switches, Qiu et
al. [24] present an attractive manner to obtain NS based on microscale geometry.
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Figure 5.1: Geometry of a curved beam, adapted from Qiu et al. [24].
They establish and verify through experiment that a bistable element which exhibits
NS behavior can be generated by fabricating a beam that has a curved shape, as












In Eq. (5.1), w̄ (x) is the average distance of the beam from the straight line connecting
its two endpoints, h is the apex of the beam, x is the lateral position along the
straight line connecting the beam’s endpoints, and l is the beam span. Figure 5.1
depicts the geometric parameters of interest in the curved beam. The associated force-

























In that expression, the normalized force, F , is given by the relation, F = fl3/ (Y Ih),
where f is the applied force, Y is the Young’s modulus of the beam material, and I is
the moment of inertia of the beam. The variable Q is a geometry constant and is given
by the relation, Q = h/t, where t is the beam thickness. Finally, ∆ is the normalized
displacement and is given by the relation, ∆ = d/h, where d is the displacement in
the transverse direction.
Equation (5.2) can be used to design inclusions or structures with desired force-
displacement behavior, and thus, the desired stiffness. For example, Fig. 5.2 shows
the force-displacement relations of beams with different Q values, given the properties
76







































Figure 5.2: Force-displacement relation for a range of Q values from 1 to 1.5 in
increments of 0.1: (a) normalized and (b) actual force and displacement values.
contained in Table 5.1. That figure shows both the normalized (panel (a)) and actual
(panel (b)) force-displacement responses, and clearly demonstrates the usefulness of
Eq. (5.2) as a design tool for obtaining a specific response. For example, a beam
with Q = 1 yields a monotonically-increasing force-displacement curve (i.e., strictly
positive stiffness); when Q ≈ 1.2, one observes an almost flat force-displacement curve
(i.e., quasi-zero stiffness); and when Q = 1.5, a negative force-displacement slope (i.e.,
NS) is observed. Note that while a beam with a Q = 1.5 exhibits NS, it is nevertheless
monostable because any positive displacement results in a strictly positive force. In
other words, for bistability to occur, the force must be less than zero for a particular
range of positive displacements. This is is explored further in Sec. 5.1.1.
The stiffness of a curved beam can be calculated as the first partial derivative
of the force function with respect to displacement. This is calculated for a range of
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Figure 5.3: Stiffness vs. displacement for a range of Q values from 1 to 1.5 in incre-
ments of 0.1.
Figure 5.4: Piecewise linear force-displacement curve for a constrained curved beam
with Q 1 [24].
Q values and shown in Fig. 5.3. The trends discussed in the preceding paragraph are
clearly shown, as well as the observation that the nonlinear stiffness values asymp-
totically approach a certain stiffness value. There is a finite stiffness limit for a beam
based on material properties and geometry related to the Q value. As Q increases, the
stiffness of the beam reaches a limit, and the force-displacement relationship reflects
a piecewise linear function. This is further discussed in Sec. 5.1.1.
78
5.1.1 Bistability
With regards to manufacturing an element with bistability, Qiu et al. [24] point
out that a beam with 2nd-mode buckling constrained (which could be achieved, for
example, by coupling it with another curved beam, ) will be bistable for Q > 2.31.
Failure to limit the 2nd-mode deformation will prevent the beam from exhibiting
sufficient NS to lead to bistability. Futhermore, Qiu et al. [24] provide approximate
values to construct piecewise linear force-displacement relations under the assumption
that Q  1. This function is represented in Fig. 5.4 and by the equations for force








dtop ≈ 0.16h; dmid =
4
3
h; dbot ≈ 1.92h; dend ≈ 1.99h. (5.4)
5.1.2 Design and Simulation of Prototype NS Inclusions
While Eqs. (5.3)–(5.4) give the approximate values to design a beam with
bistability, this concept is reserved for future work. The experimental work presented
here focuses on producing beams with low Q values as a proof of concept for the
generation of NS elements by design. Equation (5.2) was used to generate the pa-
rameters for beams with desired stiffness. These beams were then integrated into
a larger structure akin to that of the thermal mismatch inclusions, as discussed in
Chapter 3. That is, the beam was coupled with a T-shaped interface and integrated
into a supporting frame. Figure 5.5 shows the computer-generated solid models of the
two different inclusions that were designed with parameters contained in Table 5.2.
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Table 5.2: Design parameters for prototype SLS inclusions.
Property “Large” Element Value “Small Element” Value
Y (GPa) 1.27 1.27
l (in) 1 0.5
h (in) 0.1 0.05
b (in) 1 0.5
Q 2 1.67
Figure 5.5: Solid model renderings of NS inclusion prototypes: (a) “large” and (b)
“small” elements.
FEA was performed on the prototype inclusion designs in order to validate the
curved-beam approach for obtaining NS developed by Qiu et al. [24]. The FEA results
are compared with the analytical prediction for both the large and small elements in
Figs. 5.6 and 5.7, respectively. The results indicate strong agreement between the
FEA and analytical predictions. The resulting force-displacement response is plotted
in panel (a) of each figure, and the calculated stiffness-displacement is shown in
panel (b). For the large element, both the force- and stiffness-displacement responses
are very similar between the analytical prediction and the FEA. One must keep in
mind that the FEA considers a beam with elastic boundary conditions, whereas the
analytical expression considers beams with fixed ends only. This is believed to be the
primary source of discrepancy between the analytical and FEA model results.
Similar trends for the small element force- and stiffness-displacement results
are shown in Fig. 5.7. There is very good agreement between the two models. These
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Figure 5.6: Comparison of analytical prediction (black solid line) and FEA (blue
dashed line): (a) force-displacement and (b) stiffness-displacement for the large ele-
ment prototype inclusion.
results validate using the equations developed by Qiu et al. [24] to design beams and
structural elements with certain geometric parameters to obtain desired force- and
stiffness-displacement behavior. Furthermore, these results yield high confidence that
both element designs shown in Fig. 5.5 will exhibit NS.
5.1.3 Prototype Inclusion Fabrication
Given the NS element designs presented in Sec. 5.1.2, it is of interest to in-
vestigate the means to fabricate such elements. Kashdan et al. [4] and Fulcher [5]
produced vibration and shock isolation systems with NS elements using SLS. SLS
is an additive manufacturing process that can produce complex geometries directly
from 3D solid models, and is thus an attractive manufacturing process for producing
NS elements with curved beams.
The two inclusion designs described by Fig. 5.5 and Table 5.2 were fabricated
on an SLS HiQ Sinterstation Machine using Nylon 11 powder. The machine param-
eters are contained in Table 5.3. The resulting manufactured inclusions are shown in
Fig. 5.8.
81































Figure 5.7: Comparison of analytical prediction (black solid line) and FEA (blue
dashed line): (a) force-displacement and (b) stiffness-displacement for the small ele-
ment prototype inclusion.
Table 5.3: Machine parameters for 3D Systems Sinterstation HiQ.
Parameter Setting
Part Bed Temperature 187 ◦C
Feed Bin Temperatures 142 ◦C
Laser Power 38 W
Inner/Outer Ratio 0.8
Scan Spacing 0.01 in
Layer Time 20 s
Layer Thickness 0.0004 in
Roller Speed 10 in/s
Figure 5.8: Proof-of-concept prototype inclusions manufactured using SLS.
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Figure 5.9: Test setup for quasi-static force-displacement testing: (a) schematic with
key components labeled and (b) actual test setup photograph.
5.2 Quasi-Static Force-Displacement Testing of NS Inclusion
The prototype inclusions manufactured using SLS were tested to verify the
predicted force-displacement relationship. The inclusions were tested using an MTS
Sintech 2/G test frame equipped with a 10,000 N load cell. The test setup is shown
in Fig. 5.9. A range of displacements was applied to the top of the T-shaped interface
and the reaction force as a function of displacement was monitored by the load cell.
This particular test stand is equipped with a bearing-mounted bottom platform which
allows for self-righting of the platform. An aluminum block was fabricated to sit atop
the T-shaped interface of the inclusion to ensure flatness with respect to the load
cell. Finally, the NS element was mounted in a steel vise, which provided a zero-
displacement boundary condition, when desired, at the edges of the NS element.
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Figure 5.10: Example deformations during force-displacement testing.
5.2.1 Test Results
This section presents the test results for both the large and small NS ele-
ments. Each sample was tested multiple times to assess the repeatability of the
force-displacement relationship, and to monitor any plastic (permanent) deformation
of the elements.
5.2.1.1 Large Element Test Results
Figure 5.10 shows example deformations of the large NS element during testing
with a constrained boundary condition applied to the edges. The large and nonlinear
displacements of the beam element are evident as the displacement applied at the top
of the element is increased. The resulting reaction force is shown in Fig. 5.11a.
The results for the large element with zero-displacement and free boundary
conditions are shown in Fig. 5.11a and 5.11b, respectively. The black data points
and arrows indicate the loading path (displacement applied downwards), and the
blue data points and arrows indicate the unloading path. Figure 5.11a shows that
with a constrained boundary condition, the large element exhibits NS over a range
of displacements of approximately 1.75 to 3.5 mm. Furthermore, Fig. 5.11a shows
that the force-displacement relationship is highly repeatable (at least in the case of
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Figure 5.11: Experimental force-displacement curves for large element with (a) zero-
displacement and (b) free boundary condition. Black data points and arrows indicate
results for the loading, and blue data points and arrows the unloading path.
loading), even for different displacement amounts.
Figure 5.11a shows that the inclusion has a different force-displacement re-
lationship depending on the direction of loading. When the inclusion is unloaded
after having been compressed, the results do not follow the loading curve. Fur-
thermore, Fig. 5.11a shows that for different displacements, the force-displacement
relation differs on the unloading path. This is most likely due to internal material
losses, which have been investigated experimentally in previous work with Nylon 11
SLS components [3]. The objective of this work is to investigate structures that ex-
hibit NS behavior, and not necessarily internal material losses, so this has not been
investigated further in this work. Future work could include incorporating the loss
factor of Nylon 11 into a viscoelastic FEA model in order to more accurately predict
the full-cycle force-displacement curve. Figure 5.11b depicts the effect of easing the
constraints on the edges of the inclusion. With the boundary constraint free, the
inclusion no longer demonstrates NS. This is a result of the increased flexibility of the
inclusion frame at its boundaries leading to the elimination of the NS effect. Similar
to Fig. 5.11a, Fig. 5.11b also demonstrates repeatable test results as well as different
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Figure 5.12: Experimental force-displacement curves for large element with zero-
displacement boundary condition demonstrating (a) strain rate dependence and (b)
minor hysteresis loops. Black data points and arrows indicate results for the loading,
and blue data points and arrows the unloading path. In panel (a), direction of
increasing strain rate is shown; specific strain rate values were 2.5, 10 and 50 mm/min.
paths for loading and unloading.
The large NS element was used for two additional demonstrations. First, in
order to qualitatively demonstrate the viscoelasticity of Nylon 11, the large NS ele-
ment was tested with three different strain rates. The results are shown in Fig. 5.12a,
which indicates a strain rate dependence of the large element force-displacement. This
is due to a well-known viscoelastic effect, that for any given temperature, increased
strain rate leads to increased stiffness. Furthermore, this effect is also the root cause
of the increased force threshold seen in Fig. 5.12a. Future work could consider this
information in order to create more accurate material models of Nylon 11. Second,
the large NS element was tested by applying several short duration loading and un-
loading events after the onset of NS in order to demonstrate minor hysteresis loops in
the force-displacement relationship. The results are shown in Fig. 5.12b. A baseline
force-displacement experiment result is included for reference. The results indicate
that the slope of the force-displacement response is similar to the baseline even when
there is a series of loading and unloading steps within one all-encompassing test run.
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Figure 5.13: Experimental force-displacement curves for small element with zero-
displacement boundary condition. Black data points and arrows indicate results for
the loading, and blue data points and arrows the unloading path.
The results indicate the even when the loading is cycled in minor hysteresis loops, the
NS element continues to demonstrate NS behavior consistent with baseline results.
These results yield insight into using structures like the NS element in vibro-acoustic
applications, where perturbations would be relatively very small about a given strain
state.
5.2.1.2 Small Element Test Results
Figure 5.13 shows the force-displacement curve of the small NS element with
constrained edges. The results are repeatable and demonstrate NS (albeit smaller in
magnitude compared with the large element, as predicted) over a range of displace-
ments of approximately 1 to 1.6 mm. The sharp peak after the NS on the curve
for displacements greater than 1.7 mm is due to the limited travel of the beam ele-
ment. Beyond approximately 1.7 mm compression, the beam element contacted the
supporting frame which yields dramatically increased stiffness.
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5.2.2 Comparison of FEA Predictions and Test Results
Having repeatable test results for two different geometries and two differ-
ent boundary conditions allowed for benchmarking the FEA model. As noted by
Fulcher [5], SLS is a relatively imprecise manufacturing technique due to issues such
as over-sintering. In this work, taking a few spot-check measurements of the as-
built dimensions of the prototype inclusions revealed differences from the as-designed
dimensions. For example, whereas the curved beam was designed with a constant
thickness, t, the as-built elements demonstrated a non-constant thickness, whose ef-
fects on force-displacement behavior are difficult to quantify. The effects of these
geometric differences are revealed in Figs. 5.14 and 5.15 for both the large and small
NS elements, as the force-displacement curves do not exactly match. A comparison of
the quasi-static test results and the FEA predictions of the large element response for
constrained and free boundary conditions is shown in panels (a) and (b), respectively,
of Fig. 5.14. It is worth noting that only the loading path is compared with the FEA
results, as the FEA model did not incorporate material losses to model the full-cycle
response. Although, not an exact match, the FEA results reflect distinct similarities
with the test data. First, NS behavior is observed, and occurs over a similar range
of displacements at a similar force threshold. Also, obtaining similar results for two
different boundary conditions further benchmarks the FEA model against the test
data.
A similar comparison is made for the small element response with a constrained
boundary condition only, and is shown in Fig. 5.15. The results reflect differences
between the FEA and test data similar to the large NS element, but indicate that
indeed the FEA models of the two different inclusions were able to predict relatively
accurately the force-displacement response of both inclusions and boundary condi-
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Figure 5.14: Comparison of large element experimental (loading path only) and FEA
force-displacement curves: (a) zero-displacement and (b) free boundary condition.
FEA results are plotted with dashed black lines and actual test data are plotted with
black data points.
tions.
The results presented in this section demonstrate that it is possible to design
and simulate structures exhibiting NS based solely on their geometry. However, while
the FEA predictions reflect generally good agreement with the experimental results,
the imprecision of SLS fabrication makes it difficult to design to specific stiffness
values of the NS structure. A more precise manufacturing process, such as computer
numerical control (CNC) machining or other freeform manufacturing, could create
structures like the ones explored in this work tuned to exhibit exact stiffness values
when higher precision behavior is required.
5.3 Summary
In summary, two prototype NS inclusions were designed, simulated, fabricated
by SLS, and tested under quasi-static conditions. NS behavior consistent with analyt-
ical and FEA predictions was observed. Repeatable results were obtained and used to
benchmark FEA models of the elements. The prototype inclusions exhibited internal
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Figure 5.15: Comparison of small element experimental (loading path only) and FEA
force-displacement curves with fixed boundary condition. FEA results are plotted
with dashed black lines and actual test data are plotted with black data points.
material losses and strain rate dependence, and this test data could be incorporated
into more sophisticated viscoelastic material models.
The work presented here validates not only the approach of obtaining NS
through geometry, but also SLS as a manufacturing process for producing NS inclu-
sions. Future work could implement the closed-form beam equations into optimization
schemes to tailor inclusions. Furthermore, similar manufacturing processes could be
investigated to produce similar free-form elements out of alternate materials. Re-
cent developments in stereolithography (SLA) and electrodeposition open the door
to manufacturing elements like these out of metals that are much stiffer and possess
considerably lower internal material losses. Finally, beam elements with higher Q val-
ues could be explored to produce structures with bistability. These elements could be
used as either microscale embedded vibro-acoustic energy absorbers, or as macroscale
vibration or shock isolation structural components. Whereas other designs rely on
either thermal mismatch or mechanical axial compression to induce bistability, these





The work presented in this thesis has focused on developing energy absorbing
composite materials containing negative stiffness (NS) microscale inclusions. While
the concept of obtaining extreme damping from these inclusions is well-established in
the scientific literature, few, if any, manufacturable inclusion designs exist. This thesis
has explored two different manufacturing techniques (micro co-extrusion and Selective
Laser Sintering (SLS)) as candidate processes for fabricating energy absorbing NS
inclusions. Additionally, two different means of obtaining NS (thermal expansion and
curved-beam geometry) have been investigated. One objective at the start of this
research was to produce an energy absorbing metamaterial with NS inclusions. While
this objective was not fully accomplished, this work nonetheless marks a significant
step forward in the design of these highly specialized and engineered materials.
Chapter 3 documents the development of a multiscale material model, starting
at the microscale inclusion geometry and ending with the macroscale stiffness and
loss properties of a composte material containing these inclusions. A candidate NS
metamaterial inclusion is presented in Sec. 3.2, capable of being manufactured by
a well-established process. In order to to obtain the nonlinear stiffness properties
of the structured inclusion in a manner robust to the effects of the manufacturing
process, an energy-based finite element (FE) approach is developed, benchmarked,
and employed in Sec. 3.4. Section 3.5 presents the results of the effective medium
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theory (EMT) model used in this work to obtain estimates of the macroscale stiffness
and loss of a composite material, given matrix properties and inclusion stiffness,
volume fraction, and orientation. These results indicate that the composite material
indeed demonstrates extreme damping and a tunable stiffness, based solely on the
matrix material properties for any particular NS inclusion.
The hierarchical design problem of designing a composite material with NS
inclusions is presented in Chapter 4. The NS inclusion geometric framework from
Chapter 3 is parameterized in order to obtain geometry-dependent inclusion stiffnesses
over a wide range of geometries. Section 4.3 documents the development of a surro-
gate model that fits a function to the training data obtained from computationally-
expensive FE models. Thus, the geometry-dependent stiffness model is further gen-
eralized. Given a range of values, the design and performance spaces at the mi-
cro → meso scale transition are visualized in Sec. 3.4. The performance space from
this level is used as the input to the design space at the next, the meso→ macro scale
transition. The design and performance maps at this level are presented in Sec. 4.4.
These maps demonstrate very narrow bands of high performance designs, and illus-
trate the usefulness in obtaining such mappings. Finally, in order to demonstrate the
utility of this approach, a multilayer beam system possessing a coating of energy ab-
sorbing material is presented in Sec. 4.5. The results from this demonstration indicate
the highly absorptive effect of an optimized beam coating consisting of NS inclusions
on the beam ringdown and shock response.
Finally, an alternative method for fabricating NS inclusions using additive
manufacturing is explored in Chapter 5. The concept of obtaining NS via a curved
beam is introduced in Sec. 5.1. Prototype inclusion designs using closed-form ex-
pressions for a curved beam are developed, modeled, and ultimately manufactured
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using SLS. These elements are tested to verify NS behavior, and compared with the
analytical predictions in Sec. 5.2. This chapter validates the approach of obtaining
NS via a curved beam geometry, and presents a manufacturable inclusion design.
6.2 Future Work
The work presented in this thesis has advanced research of NS elements through
the development and integration of computational material models, as well as the de-
sign, fabrication, and test of prototype NS inclusions. Future work could build on
each of these areas of research. What follows are some suggested follow-on research
activities.
The prototype NS inclusion test data revealed a viscoelastic response of the
Nylon 11 material. The models created in this work do not incorporate internal
material losses, so the test data matches the predicted force-displacement relationship
for the loading case only. If SLS will be used to create embeddable inclusions, or if the
inclusions are made of any material with significant viscoelastic losses, then developing
a material model complete with internal losses would be prudent and allow for the
prediction of the complete loading and unloading force-displacement response.
One key area of concern for virtually any manufacturing process is internal
material defects. These defects can be present for any number of reasons. It is easy
to imagine manufacturing defects having an effect on the response of an NS element.
While this present work has performed no manufacturing defect analysis, models
could be created using the same basic approach outlined here, with the addition of
creating randomized defects within the inclusion. Performing this analysis could yield
insights into manufacturing tolerances and smart ways to create NS inclusions robust
to manufacturing defects.
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The hierarchical design approach presented in this research reflects a relatively
basic demonstration of set-based design. The framework has been established for a
multiscale material model starting at the microscale and proceeding through the
macroscale to the level of demonstration. An engineer could use this framework
to specify desired loss characteristics and intersect that space with the attainable
microscale design space. This process could be enhanced using Bayesian classifier
networks to further interrogate the design space, develop new capabilities, and gain
new insights.
The range of geometries used in this work to train a metamodel led to a
vast range of inclusion stiffness. Specifically, the values ranged from approximately
-100 MPa to 10 GPa. While the metamodel was able to predict the inclusion stiffness
with good accuracy, as reflected in the error metrics, this could be improved. Since
the area of particular interest is a relatively low magnitude value of negative stiffness,
a two-stage metamodel could be developed. The initial global metamodel could be
used to predict stiffness over the entire range from MPa to GPa. Then, if a particular
design falls within certain bounds, a second local metamodel could be used to predict
the low magnitude stiffness values with higher precision. This would greatly increase
the accuracy of predictions in the region of interest.
This work explored the idea of creating NS elements with curved beams by
means of SLS. The beams studied in this work were of low apex to thickness val-
ues, and thus exhibited NS with monostability. Beams with higher ratios have been
shown to exhibit NS and bistability, meaning the beams possess two stable posi-
tions. SLS or other freeform manufacturing techniques could be used to produce
these NS elements. These elements have the distinct advantage that they do not re-
quire pre-compression or thermal mismatch to exhibit NS. Thus, these elements could
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be created and utilized as either embedded inclusions if smallscale, or assembled in
a larger system if macroscale. A microscale inclusion could be tested acoustically to
obtain the composite material effective properties, demonstrating broadband energy
absorption. Additionally, on the macroscale, these elements could be used to develop
shock and vibration isolation systems, as well as energy harvesting systems (such as
by being coupled with piezoelectric components).
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